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1 Derivation of the objective function of the Dynastic Problem
(DP)

Proposition 1 Under the assumption that household utility is Uy = u (¢, ny) + BUsr1, the objective function
in (DP) becomes Y oo, Bru(cy,ny). In particular, with u(cy,ny) = aloge, + (1 — @) logn, the objective can be
replaced by > 72, B (alog Oy + (1 — a — ) log Net1).

Proof. Applying recursive substitution to household utility we obtain

Ut

L
3
+
=®
=
£

u
u + B (u(ct41, net1) + BUrt2)

U + pu(cry1,ner1) + 52 (u(cry2,nig2) + BU3)

U + Bu (cri1,me41) + B2u (g2, nug2) + Uz + ...

o0 o0

= Z 6T_tu(c7'7n7) + Th—rgo BTUt+T = Z 6T_tu(c'ry n-);

T=t T=t

o0
Uo = > Bulcr,m)
t=0
Substituting for the specific functional form obtains

Up = Zﬁtu (ctyme) = Zﬁt (alogey + (1 — a)logny) =
=0

t=0

= > B'alogCi+ (1 —a)log Nyyy —log V]
t=0

= (alogCy+ (1 — a)log N1 — log Ny)
+6 (alogCy + (1 — «) log No — log Ny)
+53% (alog Cy 4 (1 — a)log N3 — log N3) + ...

= —logNo+ Y BlalogCi+ > B (1—a—p)log Nij

t=0 t=0
- t

= —logNo+ Y _B'[alogCr+ (1 —a— B)log Nyyi]
t=0

Since Ny is just a constant, the result holds. m



When working with this functional form, we assume 1 — a — 3 > 0 to guarantee the strict concavity of the
objective.

2 Characterization of the competitive equilibrium
Next we characterize the Competitive Equilibrium as defined in the main text.

2.1 Dynastic Problem
The dynastic problem (DP) is given by

o0
max Bru (e, m DP
{ct,nt,At+1,kt+l}t20 ; ( t t) ( )
subject to ¢y + kipiney = (1 —qmg)we + (re + 1 —08) ke + py Ay, VE
A
Ap1 = =, coyne kesr >0, Ko, Ao given
Uz

Substituting from the second constraint into the first obtains

oo

Zﬁtu (Ctant)

feene Mt1,ker }is0 425

. A
subject to ¢; 4+ (ker1 +quwe)ny = wi+ (re +1—0) ke + pt%?
r=0 "1

ce, e kiyr > 0, ko, Ao given.

Rewriting per household variables in terms of the dynastic aggregates and multiplying the budget constraint
by Ny = Ny Hi_:% n., we transform the dynastic problem into (DP’),

> C: N
t t Vi1
max U —, DP’
{Cvat+17Kt+1}t20 ; 6 (Nt Nt ) ( )
subject to Cy + Ki11 = (Nt — e Negr) we + (re +1 = 0) Ky + pA (1)

Ctth+17Kt+1 > 07 K07N0 givenl

2.1.1 Existence and uniqueness of the solution to (DP)

By construction, (DP) is equivalent to (DP’) .The constraint set of (DP’) is non-empty and compact and we
assume the objective function to be continuous. This guarantees existence of a solution. Since the constraint
set is also convex and we assume a strictly concave utility function, the solution is also unique.

2.1.2 Sufficiency of first order and transversality conditions

Next we argue that first order and transversality conditions are sufficient to characterize the unique solution
to (DP).

Let 2y = (K4, N¢). Then our problem can be written in the form of a sequential problem as in Stokey et al.
(1989),

[e e}

t
max ZB w (e, Tpy1)
{xt+1}t20 =0

S.t.
Ti4+1 € P(xt)a t:1727"'7
o > 0 given,



where
T (K, Ny) = {(Kp41, Neg1) € R0 < Kypy < (N — Npwr) wy + (re + 1= 6) Ky + pA, 0< Nyt < NeJag b

Under the assumptions of continuity and strict concavity of u, all the conditions of Theorem 4.15 in Stokey,
Lucas with Prescott are satisfied and hence the first ordert and transversality conditions along with the
budget constraint can be used to characterize the solution. More precisely for a given g, a sequence
{zt41},2, with 2441 € intl (z) for all ¢ solves (DP) if it satisfies first order and transversality conditions.
Consumption then is determined from the budget constraint.

We use the first order and transversality conditions for (DP’) to characterize the solution to the Dynastic
Planning Problem.

2.1.3 Derivation of first order and transversality conditions

Denote the Lagrange multiplier on the time ¢ constraint by ¢,. The first order conditions are given by

1
[Ci] + Brua (t) N, ¥
[Kit1] @ pp = (rep1 +1-0),
t 1 t+1 Ct+1 Nt+2
[Newa] + Blua(t) 5 =67 (w(t+1) 5= +ue(t+1) 55—~ | = 01wt — 9raWe,
t t+1 t+1
The first two yield the Euler Equation,
uy (t N,
1() :B ¢ (Tt+1+1_6)' (2)

uy (t+1) Nipa
Dividing the FOC w.r.t. [Nyy1] by ¢, and substituting from the FOC w.r.t. [C}] gives

Fu@d AT (e DEE reer D)
— = qtWt — Wiy 1,
Bty (t+1) Ntlﬂ Bty (t+1) Njﬂ Pi+1
ug (t Cit1 us(t+1) Nyyo
- 1-9)— = - . 3
(ul 0) Qtwt) (reg1 + ) New w41 Nop Wi (3)

Hence, the set of conditions describing the solution to the Dynastic Planning problem is given by (2), (3),
(DP’) and the two transversality conditions

lim B, (Nt — @t Nijp1) we + (ry +1 = 0) Ky + p, A — Ky 7 Nijq K, = 0 )
t—o0 Nt Nt
lim Buy, (Nt = @i Ney1) wy + (re +1 = 6) Ky + p, A — Ky g 7 Nita N, = 0 (5)
t—o0 Nt Nt

2.2 Firms maximization and optimal resource allocation
2.2.1 The Malthusian technology is always employed

Lemma 2 The Malthusian technology is always employed in equilibrium.

Proof. Suppose the Malthusian firm produces Y7 = €. The firm’s spending on land rent is
ph=(1—¢—p) AKLILA T A= (1—¢—p)e.

The condition for producing any output at a minimum cost is

—1 b
¢A1tKﬁ LN , ie., Ly = (Tt M) K.

I i

wy b



Using this condition and A; K f LA =97H = ¢ we get the amount of capital employed,
o
Ty W _h—
ALKy, (-W quKlt) AToTE = g

1
P+

—n
K}, = EAﬁl (ﬁﬁ) an

wi ¢

which represents the demand for capital conditional on the scale of operation Y7 = ¢. The conditional
demand for labor is then given by

Te re o\ wh
LTt = (Et 5) [gAul (Eg) A¢+M_1] .

The total cost of producing & units is therefore

v i\ s
rK{ +wliy +p A =1t [SAl_l (j5> AbTu—1 n
t
Tt W Ty —H <i>_41>lt
+wy | —— cA! (__) AS+r—1 T (l—d—u)e.
t<wt¢> l 1\ we ¢ (1—-¢—p)

We want to show that for e small enough, the cost of producing ¢ is lower than ¢, i.e.,

—u
ey e

1
d+p
+
Wt

—p
Ty [ 1 (Tt M dt+p—1
_tr A e AS+H
o (wt ¢> lg " (wt ¢)

—n an —u
-1 (Tt K p+u—1 Itk -1 (It K p+u—1
"t lAlt (wt ¢) A e (wt fi)) lAlt (wt fi)) A

< (p+mp)

For € small enough, r and w are approximately determined by the Solow sector alone, so they can be treated
as given. Since ¢ + p < 1, 3¢ > 0 small enough that the above inequality holds. Hence, the Malthusian
technology is always used in equilibrium. m

_1
Po+u

+(1-9—pe<e

1
D+p
1
g dtn <

Since the Malthusian firm always operates and its profit is maximized, equilibrium factor prices are always
given by

Tt = d)Alth;lL'ftAlid)i#v (6)
wy = MAltKﬂLilel_(b_M: (7)
pr = (L—¢—p) Ay KY, L A—270, (8)

2.2.2 Necessary condition for operating the Solow technology

Lemma 3 Given total resources to be used in production, (Ky, Lt), the Solow sector operates if

(4 1-0
1 <¢A1th‘1L¢A1—¢—M> (uAltKj’Lf‘lAl—¢—~> o)

>
1=z ot 0 1-6

where the right hand side represents the unit cost of Solow output computed with all resources allocated to
the Malthusian sector.



Proof. First we derive the cost of producing € units of Solow output for some given factor prices? Profit

. . 0Ay K, L9 1—-0)Ag, K9, L°
maximization conditions for the Solow firm are r; = 2’5—[(2212— and wy = ()%L, and hence
factor prices determine the optimal input ratio, % = u_fg)zf@' This allows us to determine the optimal

1-6
employment of each input in production of € units of output. Solving Ay K3, (%) = ¢ for Ky
i 0—1 PPN ) . )
gives K3, = 4~ (ﬂwlt;eol) and L3, = 4~ (Mwlt—eol) . Then the cost of producing € units of output is

. b K* Lt — € rt(1-0) -1 € re(1-0) 0_ e (r:\0 [ wy 1-0
gven Dy 1oy + wrlgy = T3 g Wiz (Twe =5 (%) (%

Now consider the following equilibrium outcome. For some arbitrary time ¢, (9) holds, but Solow output
is zero. Then all inputs are allocated to the Malthusian sector and profit maximization of the Malthusian
sector yields r, = ¢A1tKﬁ71L’ftA1*¢*“ and w; = uAltKﬁL’fflAl’d””. Producing ¢ units of Solow output
would then cost

o 1-0
£ (E>6 Wy 1-0 _ e ¢A1th71L¢A1*¢*H NAltK?LfilAlf‘ﬁ*l‘ _
Az \ 0 1-6 As 0 ) <e,

where we used (9) . It follows that the Solow sector fails to maximize profits, which is a contradiction. m

When the Solow sector operates, marginal products of capital and labor must equalize across sectors. Hence,
given (Ky, Li), optimal resource allocation can be summarized as follows

O0< K< Ky, 0< Ly <Ly

AL KL LA =01 = 0 Ay, (Ky — K)' ™ (Ly — L) ° if (9) holds, (10)
pALKE LA =01 = (1 — 0) Ay, (K — K1) (Ly — Lyy)™°
Kyt = K¢, L1y = Ly and Koy = Loy = 0, otherwise.

2.3 Summary of conditions that characterize the competitive equilibrium

Proposition 4 Conditions (77)—(2?),(2)—(8), (10)? characterize (necessary and sufficient conditions for)
the solution to the competitive equilibrium.

Proof. Follows from the definition of the competitive equilibrium and from the above derivations.

The following proposition allows us to replace the transversality conditions by a simple check of the limiting
behavior of C;/Y; and Y; of the candidate solution.

Proposition 5 If candidate equilibrium solution sequences of allocations and prices satisfy (?7)—(7?),(2),
(3), (6)—(8), (10), C;/Y; is bounded away from 0 and Y; exhibits growth as t — oo, then the transversality

conditions (4) and (5) are also satisfied.

Proof. With our choice of the objective function, the transversality conditions for (SP) are given by

. a(ri+1-90)
lim G K, = 0
tHOO/B (Nt — th+1) we + (Tt + 1-— 5)Kt + ptA — Kt+1 t
+ AWy

lim B N, = 0.
t—oo (Nt — th+1) wy + (Tt +1-— 5)Kt + ptA — Kt+1 !
Consider the term inside the first transversality condition

a(r+1—70) Y+ 0V + (1-0) K,
(Nt — th+1) Wt + (Tt + 1 — 6)Kt + ptA — Kt+1 t }/t + (1 — 6)Kt — Kt+1

2Note the budget constraint is implied.



Dividing the numerator and the denominator by the level of aggregate output gives
Y1/ Ve +0Ya /Yy + (1 = 0) K4/ Yy
1= (K1 — (1= 0)Ky) / Vs

The term K;11 —(1—0) K, represents aggregate investment and Y; — (K411 — (1 — §) K}) represents aggregate
consumption. Notice that there are two ways to violate this T.V.C. Either the numerator goes to oo fast
enough or the denominator goes to zero fast enough (or both). Clearly, the numerator cannot go to oo
since Y1,/Y; € [0,1], Ya,/Y: € [0,1], and (1 — 0) K;/Y; — oo is impossible (Indeed, suppose (1 — 0) K;/Y; —
oo, then 0K;/Y; — oo and 3t* such that V¢ > t*, K; 11 — K; = Xy — 0K; < 0. This in turn implies
that Y; is shrinking which violates our assumption). The only way the T.V.C. can be violated is when
1= (Kiy1 — (1=90)K;) /Yy — 0 fast enough, which means that % goes to zero and again violates our
assumption. The argument for the second T.V.C. is similar. m

Notice that any balanced growth behavior of the equilibrium time paths such that C;/Y; is constant guar-
antees that transversality conditions hold.

3 Sequential Problem (SP) whose solution corresponds to the
competitive equiliubrium allocation

3.1 Definition

We next define a sequential problem whose solution is the competitive equilibrium allocation. This sequential
problem (SP) compactly states the optimization problem at hand and illustrates the sense in which the
competitive equilibrium allocation is efficient. There are difficulties associated with defining efficiency in
models with endogenous fertility. The (SP) defined here corresponds to the A-efficiency concept as defined
by Golosov, Jones, Tertilt (2006). According to this concept, when comparisons are made across allocations,
the positive weight is put only on those households that are alive in all possible allocations. Analyzing
concepts of efficiency in models of endogenous fertility, however, is beyond the scope of this paper.

We emphasize that proving equivalence of the competitive equilibrium allocation to the solution of this
problem is not necessary for any of the results in the main text. To solve the model, it is enough to
use sufficient conditions derived in the previous section. What we do in this section is driven strictly by

inl eHeCtual CuI‘iOSity.
C N
max E 6tu < : t 1)

{Ce N1, Keva b0 5 Ny Ny
subject to Cy+ Kiy1 = F (K, Ly;t) + (1 —0)Ky, (11)
Ly = Ni—qiNija,
Ci,Kiy1,Nep1 > 0, Ko, Ny are given and
F(KiLit) = max {AltKﬁLftA1*¢*” + Agy (K — Kp) (Ly — th)lﬂ (12)

subject to 0 < Ky <Ky, 0< Ly < Ly,

3.1.1 Existence and uniqueness of solution to (SP)

Continuity of the objective function in (SP), together with the compactness and non-emptiness of the con-
straint set, guarantees existence of a solution. We assume strict concavity of v which guarantees that the
objective function is strictly concave. Since the constraint set is convex, the solution is unique.

3.1.2 Sufficiency of first order and transversality conditions

Next we argue that first order and transversality conditions are sufficient to characterize the unique solution
to (SP). We follow the lines of the argument put forth for the dynastic problem, except that now

T (K, Ni) = {(Ki41, Nea) € RE|0 < Ky < F Ky, Ne — qeNiga) + (1= ) Ky, 0 < Niyy < Nyfgi }



The set T' (K¢, Ny) is illustrated graphically in Figure 1. Notice that the frontier of the set is given by
Kit1 = F (K, Nt — ¢t Niy1) + (1 = 6) Ky

and we have

dK,
sz: = —qF> (K¢, Ny — ¢t N11) <0
d°K,
2t+1 = QtQFZZ (Kt7Nt_QtNt+1)<0
dN¢,

Thus, the frontier of this set is strictly decreasing and a strictly concave function, so the set T' (K¢, NVy) is
convex.

Kt

F(K,,N)+(1-0)K,

1-8)K,

N/ qe N1

Figure 1. Constraint Set at time ¢

Under the assumptions of continuity and strict concavity of u, all the conditions of Theorem 4.15 in Stokey,
Lucas with Prescott are satisfied. Given zg, a sequence {zy41},o, with x4 € intI (x;) for all ¢ solves
(DP) if it satisfies first order and transversality conditions. Consumption then is determined from (11) while
Kuhn-Tucker conditions determine optimal resource allocation.

3.1.3 Derivation of first order and transversality conditions

Denoting the multiplier on (11) by p,, we obtain the following first order conditions:

1
[C] Bl (t) N, = g,
(Kiv1] o py = pyqr [Fr (K1, Nejr — @i Niqos t +1) +1 = 6],
1 1 Cii1 Nijo
Nl Bun o) g =0 (w04 ) e 1) 2 -
Nt Nt2+1 Nt2+1

=GP (K, Ny — e N1 t) — py g Fo (K1, Neyr — g1 Negost + 1)
The first two conditions yield

Ul (t) _ﬂ Nt
up (t+1) 7 Neyy

(F1 (K41, Ne41 — @1 Negost +1) +1=9) . (13)



Dividing the FOC w.r.t. N;y1 by p;,; and substituting from the FOC w.r.t. C; for p; and p,; gives

Blus (t) 3 gt (ul (t+1) G5 +ua (t+1) %Tf)
By (t+1) Nt1+1 N B0 (t+ 1) Nt1+1 =
- M/:il qtF2 (Kt, Ny — ¢t Neyast) — Fo (K1, Nevr — qey1 Negos t+ 1),
ie., (Z? 8 - tht) (Fy (Ky11, Nep1 — qee1Negost +1) +1—0) — ]C\;i_i _
_u2(t+ 1) Nepo Fy (Kig1, New1 — qra1Nesoit +1). (14)

o Uq (t + 1) Niyq

The transversality conditions for (SP) are

. F (K, Np = qeNig1;t) + (1 = 0) Ky — Kiy1 Ny

t )
Jim B, ( N, N, ) =0
lim Bluy, (F (K¢, Nt — @t Neg1;t) + (1 — 0) Ky — Kt-&-l’ Nt+1> N, = o
t—oo Ny Ny

The static maximization problem (12) determines the optimal resource allocation between the two technolo-
gies. In the following Lemma we show that the Malthusian output is always strictly positive (K4, L1; > 0 Vt).
3.1.4 Optimal resource allocation

Lemma 6 In any solution to the Sequential Problem, the Malthusian technology operates for all t as long
as Ktth,Alt > 0.

Proof. Suppose on the contrary that there is time ¢ such that Yi; = 0. Since resources are allocated
efficiently, this means that K7; = L1; = 0 and

max [Alth;LftA1*¢*ﬂ 4 Ay (K — K1)’ (Ly — th)l‘ﬂ = Ay KO0, (15)

Ki,L1y

Consider reallocating (K3, eL;) to the Malthusian technology, where € € (0,1). Next we show that for ¢
small enough,

Ary (eK)? (L) A 707F 4 Aoy (1 — ) K)? (1= &) L) ™7 > Ap KOLI Y. (16)
A KLY

A KPLE A =6—n"
side is a finite number, 3 > 0 that ensures (16) is satisfied. Hence, we arrive at contradiction with (15). m

Simplifying this inequality gives 61,14),” > Since lim._,q 81,% = oo and the right hand

Next we derive conditions that characterize the solution to (12). To ease notation, denote Ny — q;N¢11 by Ly
and ignore the time subscript since this maximization problem is static. The only possible corner solution
here is the Solow technology not being used.

The Kuhn-Tucker conditions for (12) are given by

PAKPTILEATTOT 9 Ay (K — K (L —Ly)'

Vv
=]

Il
x
A
s

pA KPR IAT 071 (1 - 0) Ay (K — Ky)? (L — Ly)™°

v
_ O
o
oy
A
~



When the Solow technology operates,

0Ay (K — K)? (L —Ly)"? A KO LI Ao n
(1—0)As(K— K1) (L—L1) 0 pAKPLE TAT-o-n’
o, 0 L oAKPTIIATO

"1-0 K> pA KLY A -0

Hence,
. 0 Lo AKOILrAI-
Ki—K, I1—L1—0 Ky pAK¢Lr—1A1=¢-1"

Thus the Solow technology does not operate whenever

QA KO IIAY O Ay (K — K) N (L—L)"? > 0

Lo\ 1
PAIKPILPAY O~ lim 04, (—2> > 0
Ki1—K, Li—L Ky
-6
_ e 1— 0 ¢A KO~ 1LrAT-¢—1\ "
=17 uAL—G—p _
¢A1K LFA 0A, ( ) ‘uAle)LﬂflAl*d)*/‘ > 0
o—1pupAl—p—p\? SdTpu—1AL—p—p\ 10
0 1-6 Ay
Given K and L, the optimal resource allocation can be summarized as follows
Ki=K 1L1=LKy=1Ls=0, if (17) holds (18)

0<Ki <K, 0<Li<L, and
GA KT ILIA1 — 9Ay (K — K1) (L —L1)"™?,  otherwise.
pAKP LT IA 0= = (1 - 0) Ay (K — K1) (L — Ly)™°

Since some resources are always allocated to the Malthusian technology, we use

Py (K, Ny — iNeyi;t) = @A Kf L, A?7" and
Fo (N~ Vo) = pAu I L A

in (13) and (14).

3.1.5 Equivalence

Proposition 7 The competitive equilibrium in the decentralized economy corresponds to the solution of (SP).

Proof. Conditions sufficient to determine the unique competitive equilibrium allocation coincide with suf-
ficient conditions for the unique solution to (SP). Hence, the result follows. m

4 Limiting behavior of equilibrium time paths

Our goal here is to understand how the behavior of the solution to the model depends on the choice of the
parameters and the initial conditions. Denote the choice of the parameters (A, A1g, A2g, T, §, Y1, Vo, ks Ps
0, 8, a, b, a) by 6 € ©, where O denotes the set of all admissible parameter choices.

We can identify three possible types of limiting behavior of the equilibrium time paths: (1) The solution
exhibits the property that the level of output in both sectors converges to some constant positive fraction of
total output, (2) The solution exhibits the property that the level of output in the Solow sector converges
to 0, (3) The solution exhibits the property that the level of output in the Malthusian sector relative to

10



the total output converges to 0. We refer to these types of limiting behavior of equilibrium time paths as
convergence to Malthus-Solow Balanced Growth Path (BGP), Malthus BGP and Solow BGP respectively.
There are possibly other types of behavior of equilibrium time paths but we do not attempt to describe those
here.

Define the following sets of parameter and initial condition values that generate one of the three types of
limiting behavior of the equilibrium paths described above:

Si = {6€0, (k,No)eR2 | lim —r—L =p €(0,1) 3,
o0y (9,7%’0,]\70) !
2 = {Be®, (k. No) e RY | Jim yor (B,ko, No) =0},
N ylt (évk()vNO)
S3 = 0 €O, (ko,N())ER%'_| lim ——* =0

Ty, (9, ko, No)

The objective is to describe S7,S; and S3 as best we can. We can also identify two subsets of S; and Ss
that we index by “x”:

~ Yit é7k07N0
S]T = 96@7 (k07N0)€R3-|Vt7 Mpye(ovl) )

Yt (9,]60,—7\70)

Sz {é €0, (ko No) € R2 |V, (é,kO,NO) - o} :

If the parameter values and initial conditions lie in ST, then the equilibrium time paths are on a Malthus-
Solow BGP starting in period 0. Similarly, if the parameter values and initial conditions lie in S5, then the
equilibrium time paths are on a Malthus BGP starting in period 0. Note that a similar subset does not exist
in S3 because the Malthusian technology always operates as we proved in Lemmas 2 and 5.

4.1 Propositions summarizing how the behavior of equilibrium time paths de-
pends on the choice of parameters and initial conditions

We show in detail derivations upon which the results that we present here rest and summarize these as
lemmas and propositions. We summarize our findings regarding the dependence of the solution behavior on
the choice of parameters and conditions. We discuss our results and illustrate a stylized segmentation of the
parameter and initial condition space into different types of limiting equilibrium behavior. Our discussion
will contrast the result obtained by Hansen and Prescott (2003). In that work, as long as the growth rate
of the Solow TFP is positive, all equilibria exhibit convergence to a Solow BGP. In our model, however,
the limiting behavior of equilibrium time paths is determined by the particular parameterization and initial
conditions.

4.1.1 Derivation and discussion of Malthus-Solow balanced growth properties

Next we derive the properties of the limiting behavior of equilibrium time paths in S;. We consider equilibrium
paths along which all variables grow at constant rates, although not necessarily the same, and the relative
output of the two sectors remains constant. The constancy of the growth rates allows us to simplify the
relevant equilibrium conditions and arrive at equilibrium growth rates of such a solution as functions of
parameters.

Proposition 8 If there is a solution {ci, Ny, ky, k1t, Uz, ylt}fio such that all variables grow at constant rates
VE, 8aY Vs 0 Vi Vi1 Vs Vo1 > 0 and y1e/ye = py, € (0,1), then the following is true.
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(1) Ve =V =Vk1 =Yy = V1 =7-

(2) The unknowns vy, n, v, l1, p, py, p, (where p= £, py = %7 Py = y—yl) satisfy the following equations,
=
'Y = '727 )
_ 1*9 1—¢—p
no = (vm B ) :
v o= B [r+1-94],
n
U-a=Fpth _
an TP (r+1-4¢)’
Opr. PPy
T~ -p)
ppy — _ _(1=0)h
(1-p,) (1—1 —qn)’
o
ptan = LE(1-y).
Y@
(8) Corresponding efficiency variables, defined as follows,
* Ct * kt * klt * * Nt * Wit *
Ct:?7 t:?7 klt:?7 1t = lit, Nt:F7 wlt:77 Ty =Tty

with v and n given by (19) and (20), are in steady state (which we denote by a bar) and satisfy (26) — (31),

given below,
Fr=——(1-6)>0,
afgn—pB) A-0)F | (1—qn)¢F (1 1
b= (<1—a—6> o T (9 ¢))
(chi—géh-i-l—é—'yn

0<k;15§<1_an—k)<k,

SN—

_ 9 ~
0<llzﬁxk1 <1—gn,

_ « F;Jﬁ
c=—(gqn—p)—— >0,
T—a-5 "7,

AN
NZ(@E&_A> ASO
T
Fo\T? 6(1-0)
where x = and ( = —————.
X (eAgo) = —6(1-0)

(4) Initial conditions (ko, No) generating such a solution correspond to (k,N) .

3There is a unique analytical solution to this system of equations, which is derived in the proof.
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Proof. Since both sectors always operate in the proposed solution, it must satisfy the following necessary
equilibrium conditions,

Ct+1 B
—_ = — 1-— 2
) nt (Te+1 + d), (32)
(1 — Qo — B) Ct W41
A S e/l 2 _— 33
ang 9 (Tt+1 —+ 1-— 5) ( )
t1.0—1:1 A o t 0—1 1-6
dAr0v 1k 1y N, = 0Ax0y (ke — k1) (L=l —qng) " =1y, (34)
t 1.0 u—1 A tmomn t 0 —0
pA1071 R A = (1—=0) Aoy (ke — k1) (1 = laie — qne) " = wy, (35)
t
t 1.0 1 A emn t 0 1-6
ct + kH_lnt = Alonkltllt F + A20’72 (k)t — klt) (1 — 11t — qnt) + (1 — (S)k)t, (36)
t

where n; = and (34) and (35) represent equality of factor marginal products across the two sectors.

Niq1
Ny
Denote the constant rate of growth of per capita consumption by = and the constant growth rate of population

by n. From the first equation, which becomes

7:§[Tt+1+1_5]

on a BGP, we see that r; must remain constant, so we replace it by r. Then constancy of r together with

1
its definition in (34) imply that on such a BGP, y1; = Ajovi k{14, (%)

n
grows at the same rate as kq;

while yo; = Ao (ke — klt)e (1 — Iy — qn)t~% grows at the same rate as (k; — ky¢). Since yo; grows at a
constant rate by assumption, it means that k; and ky; grow at the same rate, hence p,, = ki /k: must stay
constant. Once again considering the definition of r in (34), 0 Asyh (ke — klt)#l (1 =1y — qn)ke =r, we
observe that since k; — k1, grows at a constant rate, 1 — 14 — gn must also grow at a constant rate, and since
gn and 1 are both constants, it implies that [;; must also stay constant, denote it by [;.

Next we show that ¢; and k; must grow at the same constant rate. Consider (36) rewritten using the
definition of 7 from (34)

@ T (kt — klt)

¢t + kt+17’Lt = ¢ + T + (1 - 6)]{1,5,

¢t ki rkie (ke — ki)

2 — Mt ZAm M 1—

» + " n ke + or, +(1-9),
T ro o R

The right hand side is a constant, hence, the left hand side must also remain constant, denote it by p = %
This means that indeed ¢; and k; grow at the same rate . Considering our previous results, this means that
Y1t and yo; also grow at the rate of . Define the fraction p, = }/ﬁ
We can find v by once again using the definition of r in (34), and its constancy,
0— -6

0As07h (b — ppke)’ (1=l —qn)' ™" =, )

v=7"- (37)
Using the definition of 7 in (34) again but this time as a marginal product in the Malthusian sector, y1; =

Aoyt kS IH (A)l_¢_“ find the relationship bet d
107165 (A , we find the relationship between ~ and n,
T =nlTTy O (38)

13



These last two equations, (37) and (38) , pin down the growth rate of per capita variables v and the population

= = A
’7’72,71(’)/1’72 ) :

The Malthusian output can be rewritten as yi; = Aoyt kS A ¢7H = Es)k—t orasyy = Ay kSN O =

growth rate n precisely

Hﬁll. Hence, we can solve for w; in terms of k; :

okt
®

Wt

'U,)tll
"
prpik
ol

)

Notice that this implies that w; also grows at the rate of v and

o adh _ poh

wi  prpgks  prpg
This allows us to rewrite (33) as follows,
(1-a—p)c B 2
TR - g —
anwy (r4+1-9)
(I-a=pph _ 1
an TPy (r+1-9)
Equation (34) can be written as
Pyt _ Oy
Pik (1—pp) ke’
dpyy O (1=p,)
Pk (L=pp)
¢py _ 9pk.
and equation (35) as
pyve (1= 0)y
ll (1 — ll — qn) ’
HPy _ (=0
(1-p,) (1—1; —qgn)’
Finally, we rewrite the feasibility condition (36) as
ct + kt+1n = Yt + (1 — 5)/{1,5,
¢t + kt+1n = & + (1 - 6)]%,
y
rpik
ct + k:t+1n = Z:(Z; + (1 — 6)](?,5,
TPk
+vn = — 4+ (1-9).
P+ oot (1-9)

Hence, we proved results (1) and (2) of the lemma.

In fact, we can find the solution to (19) — (25) analytically. The first two equations give v and n in terms of

parameter values. Equation (21) gives

L

B

(1-0).
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We use (23) to solve for p, in terms of pj,

s
=— 39
Py ¢ (1= pg) + bpy, (39)
Substituting the above expression (39) into (24) and then solving for I in terms of p,, gives
0p,
“¢(1—pZ)+9pk _ (1-0)k
6p 1-10; —gn ’
(1 B ¢(1*Pk§+0m€) ( 1)
10py _ =0k
¢ (1= py) +0py, — Opy (1—l—qn)’
1bpy (1 — gn)
L = . 40
LT T 000 p) Al o
Substituting from (39) into (25) gives p in terms of pj,
1—p,
@0
Finally, substituting from (41) and (40) into (22) gives
r(¢(1—py)+0p;)
(1—a—p)¢ (M -+ (1-0) gy (1 gn) g
an [ Py, (1=0)¢ (1~ pg) + pbpy (r+1-9)
(1-a-p) _ e =g — 2 V- _
=0 (191 1)+ 0p) + 0001~ 5 = 3m) (1= am) =7 (4=~} (1= 0) (1~ p,) + ).

r (0= ) (1= 0) + =222 (1 gn) (0 — (1 - ) —7)

an

r (o= 5555) (1= 0) 6 — ) + =22 (1= qn) 7 (0 - 0)

P =9

We already derived r,v,n in terms of parameter values, hence, the above gives the analytical solution for pj,
along a MS BGP. We can then back out the rest of the variables using (39), (40) and (41).

Recall that equations (32) — (36) characterize the equilibrium with both technologies operating. Rewriting
these in terms of efficiency variables defined in the statement of the proposition obtains

* * 1—¢p—p
Gy _ g N Akt (A 1-6
ot BNt*+1n <¢ 10F b | e + ;
(1-—a—B)e Ny
aN{ n

w1y
(riy+1-9)

wb—1 % AN\ . o . N* o\ 10 )
pAroky 111,7( ) = 0Aq0 (kf — k%)% (1 1th1> =,

*
= qtWy —

N} N¢
)b 7% 4 — A B * * * Nin -0 *
pAiokid ! (N*) = (1 —6) Ago (ki — k7,)° (1 —lir—q E\Jfrj > = wy,
t t
N n
* k* t+1 _
Cy + Ry Ny
*b 7% A B * * * Niqn = *
= Aloklfllf (F) + Ao (kf — klt)e (1 —lyy—q ;\4;: ) + (1= 0)k;.
t t

Whenever the original variables exhibit Mathus-Solow balanced growth, the efficiency variables are in steady
state. This is true by construction of efficiency variables (that utilized information on v and n along a
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Malthus-Solow BGP). It is possible to solve for the steady state values of efficiency variables, which we
denote by a bar, analytically. The solution is obtained by solving

m = Blr+1-9] (42)

(l-—a-Bec _ _ wy
an I (43)
GALRS T N = Ay (h—K) (1=l —qn)' T =7 (44)
pARSTETIN L = (1= 0) Agg (k—F1) (1 =11 —gqn) " = (45)
c+ E”}/TL = Alol_cf’l_fN‘H“*l + A20 (E’ - 1211)0 (1 — l_l — qn)ke + (1 — 5)E (46)

We next solve for the unknowns analytically. Equations (44) and (45) give
¢>_l_1 _ 9(1—[1—qn)
pki (1-6) (kfkl)’

so the system of steady state equations can be rewritten as

7—;*(14):;

¢A10Ef_1ffN¢+“_1 =T
d)(lfﬁ)l] (E*E’l) :Hu(l—fl *qn)kl
0

anw Y = T _ N . 1— _
i—a—5) (q 77“4—1—5) +kyn = Awk{ N 4 Agg (k—Fa)” (1= L —qn) " + (1 0)k
R - -0
(179)1420(/{1*]{}1) (1*11*(]71) =w
0Az (—Fk1)' " (1—h —qn) ™" =7
The first equation gives 7. From the third equation we have (l(fl_::)n) — cb(lff o) ;—11 and from the last equation
- 1 1
k—k T -1 . . . 7 ey
we get (Jl—l_l_—lan) = (m) =t Hence, these two equations together imply that ?(‘fﬁ_e)% = (m) ' and
hence,
1
- 1o Fo\T9 -
h=———7 ky. A7
"Ts1-0) <9A20> ! 47)

1
From the last equation we solve for (1 — I - qn) = (ﬁ;o) = (/;: — 1221). If we substitute for /; in terms of

ky from equation (47) found above, we get

(PN (PN g
it (o) B = (o) GoR)

o ¢o(1-10) l—gn -
o= po — ¢ (1 —0) (f- )Tle "

0Az0

Defining

=
Il

o\’ . 9(1-9)
(9A20> and ¢ = = T =0

enables us to compactly rewrite

_— 10 _
_ _ 1—qn 7
kh = ¢ ( N k) (49)



Substituting for w = %%, I and k; in feasibility, we obtain a linear equation with one unknown k,

—a=h (q e 5) +hyn = MoR{IENH T 4 gy (k= k) (1=l qn) 7 (1= 9)R,
1—gn

an v i N F(’%_C(x 45)) -
(1aﬁ)(q_f+16>¢¢(?90)X+k7n_¢g( ~ _k)+ 7 + (1= 0)k,

i [ () S R ) [ e o]

Hence, we solve for k and then we can find k1, I using (48) and (49) and finally use pA ok AN t#—1 =

to find N,
7.0—13u \ 1-¢—n
N (M) A (50)

7

By construction of efficiency variables and given the fact that the original solution considered in this propo-
sition exhibits Malthus-Solow behavior from period 0 and onward, we have that the steady state values of
efficiency variables correspond to the values of original variables in time period 0. In particular, initial condi-
tions (ko, No) correspond to (k, N). Furthermore, because the original solution satisfies certain restrictions,
in particular, rqg > 0, ko > 0, 0 < k19 < ko, 0 < l19p < 1 —gng, ¢g > 0, Ny > 0, it follows that (26) — (31)
must hold. m

Note that the above proposition implies that for a given set of parameter values, é, there exists at most one
pair (ko, No) such that 6, (ko, No) € S5.

Proposition 9 If a given 0 satisfies (26) — (31), then (ko, No) = (k,N) generates the solution exhibiting
Malthus-Solow behavior from period 0 and onward.

Proof. The assumption is that an admissible solution to the steady state values of efficiency variables exists.
The claim is that 6, (k, N) € S;.

We start the economy at (ko, No) = (k, N). Consider a candidate solution consisting of sequences {c; = ¢v?,
Ny = Nnt, ky = kvt kyy = ki, ng = n}e2,. We will show that this candidate solution satisfies all the sufficient
equilibrium conditions (See Proposition 5) and exhibits the Malthus-Solow property. In light of definitions
of efficiency variables, the proposed sequences satisfy equations (32) — (36) V¢. This proposed solution is such
that original variables grow at Malthus-Solow BGP growth rates (determined by (19) — (25)) and efficiency
variables remain in the steady state. On this equilibrium path,

AyokPT (A/N) O
Aok (A/N) 7 4 Agg (k—F)' (1—gn—10)"~

Yie/yr = 2

is constant V¢, i.e. 0, (ko = k, No = N) € S7.

Note that the candidate solution satisfies the assumptions of Proposition 5, hence, transversality conditions
(4) and (5) also hold.

We must also check that the solution satisifies (9), i.e. that it is always optimal to operate,

0 1-6
<¢AHK?‘1L¢A1-¢-“> (uAlK?L¢‘1A1-¢-“> !

— << .
g -9 Ay b

In what follows we show that this inequality is implied by (26) — (31).
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The above inequality holds V¢ if and only if it holds for ¢t = 0 and the growth rate of As; > the growth rate

_ 0 _ 1
A KT LA 9k A KL IAL ek . .
of (¢ Bt By - ; these two conditions are given by

0 1-0
[MS Ineq 1] : Az > Aig (%) <1—f9> AVOmrEt=0 (1 — gyt NoteoT

_1=9 —¢—n
[MSTneq2] : n> ('yﬂz 19) .
Clearly, [M S Ineq 2] holds with equality because of (19) — (20).

Consider [MS Ineq 1].

0 1-—

AN 0 1-0
A k ® _
A20A1—¢>—u¢ 10 (Pl; ) 1 > Ay (%) (ﬁ) AL—¢—nfo—0 (1- qn)u+0—17

1 _ 1-6
opp (¢ T1-1l —gn +0-1
A (5) ( ) <<9A20) 1—py, ) (=)™

1-6
v (5E) (SERE) ammre

1—li—qn 0 p L

0 1-0
AZO > AIO (?) (L@) A1—¢—MT€¢—9 (1 _ qn);hL@fl N¢+N—17

Using (23) and (24), we have

L 51
L—p, 1=0¢ p; (51
so the above inequality reduces to
L\ 1e
s (1) o
Pk
$—0 Iy o
> — . 52
A= (1) (52)
Note that the following is true
ki ke . pp _1—pp. 1
— <= ie, =2 < ——Liff p, < =p,. 53
I L S 1o, Pr =7 an P (53)

Indeed, assuming p;, < p; we have 1 — p, > 1 — p; and hence %; < 11;_’21. Conversely, assuming %; < 11;_’21

and supposing p;, > p; gives 1 — p,, <1 — p;, a contradiction.
Note that ¢ — 6 < 1 — 6 — p holds because we assume 0 < 1 — p — ¢.

Case 1. If% < &5 (it is then necessary that 6 > ¢) then (51) implies % < % and hence 0 < p;, < Tiﬁ <1

1—-6—
according to (53). Since -1 < ¢ —0 <1—6 — p < 1, we have pi_e > (1—_l?'q—n) * and hence [MS Ineq 1]
holds.

Case 2. If 2 > ﬁ then (51) implies % > % and hence 1 > p;, > 1—_11(]—n > 0 according to (53). Then we
either have ¢ > 0 or ¢ < 6.

Case 2.a. ¢ > 0, and hence, 0 < ¢ — 0 <1 —6 — < 1. Then (52) holds.
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Case 2.b. ¢ < 0. Note then —1 < ¢ — 0 <1 —60 — p < 0 cannot be the case. Indeed, assume 1 — 6 — pu < 0.
Since % > ﬁ we have ¢ — 0 — 0 > 0, i.e. (b(l—@— %u) > 0 but % > 1 so we cannot have 1 —6 —pu < 0.

1-60—un
It must be the case that -1 < ¢ -0 <0<1—60—p <1. Then pi_g > <1—_l;> holds.

Hence, [MS Ineq 1] holds. We showed that sufficient conditions for the competitive equilibrium are all

satisfied and that the equilibrium paths exhibit MS BGP behavior from period 0 and onward. m

Corollary 10 (to Propositions 8 and 9)
Part 1. Given an admissable solution vy,n,r, l1, p, py, py (v,nr>00<li<1l—gn,1—-10—gn >0,
0 < p, < 1) to the system of equations (19) — (25), the following quantities,

_ _ 971117 _ _ _ _ _ A _(;571_# ﬁ
F=r, L=, k( T) WoGR =k, o= ph, N<7¢ 10h ll) A,

9A2() 1-— Pk T
satisfy (26) — (31) .4

Part 2. Given admissable steady state efficiency variables 7, ¢, k, ky, 1y, N (satisfying (26) — (31)) with v and
n determined by (19) and (20), the following quantities

AgokSTE (A/N) O
Alolzlfl_f (A/N)lid)i# + A20 (E’ — ];}1)0 (1 —qn — l_l)
r = 9A2() (E’ — 1211)071 (1 —qn — 11)1_6

— E _ﬁl_l’ —
p = E”pk_];}7 1—17py_

1-67

solve (21) — (25).°
Proof. It is straight-forward to verify this. m

Proposition 11 (Part1) If@ € O satisfies (26) — (31) then there exists at least 1 pair (ko, No) such that
9, (ko,No) € 5. (Part 2) If 9, (ko,No) €S, then € © satisﬁes (26) — (31) .

Before proving this proposition, we say a few words about the statement. Part 1 states that for a set of
parameters satisfying (26) — (31), it is possible to find initial conditions such that equilibrium time paths
exhibit Malthus-Solow BGP behavior in the limit. For most @ satisfying (26) — (31) that we worked with,
there exists a continuum of pairs (ko, No) such that 0, (ko, No) € Si. Identifying these, however, requires
stability analysis, which cannot be performed analytically for this dynamical system. As discussed in the
main text, when calibrating the model economy, we restrict our attention to S, i.e., we start the economy
on a Malthus-Solow BGP. We then show numerically that this BGP is locally stable. This means that there
is a continuum of initial conditions (kq, Ng) that generate Malthus-Solow BGP behavior in the limit.

Part 2 of this proposition states that if equilibrium paths exhibit Malthus-Solow BGP behavior in the limit,
then parameters must satisfy (26) — (31).

Proof.

(of Part 1) Implied by Proposition 9. The solution generated by (kg, No) = (k, N) delivers Malthus-Solow
BGP behavior from period 0 and onward, and hence, it gives Malthus-Solow BGP behavior in the limit.

(of Part 2) If 6, (ko, No) € Sy then for ¢ large enough, the economy approximately exhibits properties of a
Malthus-Solow BGP, i.e. equations (19) — (25) have an admissible solution v, n, 7, l1, p, py,, p, (Where p = £,

4These quantities represent steady state efficiency variables.
5These quantities characterize Malthus-Solow balanced growth path behavior.
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Pr = %, Py = yy—l) This implies that the steady state levels of the corresponding efficiency variables (defined

in the statement of Proposition 8) also have an admissible solution, backed out as follows (see Corollary 10),

T )9_11 1—11 —gn

r = Z:l TC:
r T, o 1 (0A20 1*[)]‘

r

B B B B n.o—171 T}*M
. ki =pyk, e¢=pk, N= (M) A.

Sincer>0,0<ll<1fqn,1fllfqn>0,0<pk<1,Wehavethat9€®satisﬁes (26) —(31). =

4.1.2 Comparative statics results for the Malthus-Solow BGP

Note that on a Malthus-Solow BGP, both, population growth and per capita output growth, are determined
by the TFP growth rates in the two sectors,®

& = A
Y=79 'y n= (vwz - ) : (54)

The growth rate of per capita output increases in the Solow TFP and is independent of the Malthusian TFP.
Population growth increases in the Malthusian TFP growth rate and decreases in the Solow TFP growth
rate. Interestingly, the time cost of raising children does not enter these two equations. This means that
increasing the probability of survival while keeping all other parameters fixed would directly result in the
proportional reduction of fertility (n = 7w f). For this class of simulations, i.e. in which we raise 7 and in
which both the original and limiting behavior of equilibrium paths exhibits Malthus-Solow BGP properties,
we found that during the transition from the original to the new balanced growth path, population growth
exhibits a hump, and that this transition is lengthy. Therefore, it is misleading to conclude from these
comparative statics exercises that mortality changes do not affect population growth.

It is important to notice that this analysis is only valid as long as the new value of m does not alter the
type of limiting behavior of equilibrium paths, i.e., as long as it does not preclude convergence to a new
Malthus-Solow BGP. In fact, in the simulation results of the benchmark economy that are presented in the
main text, both of the exogenous changes (one is changes in 7, and 7, and one is changes in 7) that are fed
into the model imply that the economy converges to a Solow BGP.

4.1.3 Derivation and discussion of Malthusian balanced growth properties

Next we derive the properties of the limiting behavior of equilibrium time paths in S5. Here we consider
equilibrium paths along which all variables grow at constant rates, although not necessarily the same, and the
Solow sector does not operate. The constancy of the growth rates allows us to simplify relevant equilibrium
conditions and arrive at equilibrium growth rates of such a solution as functions of parameters.

Proposition 12 If there is a solution {ct,Nt,kt,yt}zO such that all variables grow at constant rates Vt,
8Y Vs My Yis Vy» and the Solow sector never operates ((yar = 0 Vt), then the following is true.

(1)Y= =7y =7
(2) The unknowns ~,n,r,p (where p = %) are determined by the following system of equations,

Tt = alte, (55)

yn = Br+1-9), (56)
l-a-ppp(1—qn) _ gl

anpur B (57)

p+yn = %Jr(lfé). (58)

6This result comes from the constancy of the interest rate on any balanced growth path and equality of the marginal products
of capital in the two sectors. Hence, it is robust to the choice of the objective function.
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(8) Corresponding efficiency variables, defined as follows,
G ke o N

Ct:?7 t:?7 tzﬁv
with v and n given by (55) — (58), are in steady state for all t (which we denote by a bar), ¢,k, N > 0 and
satisfy (59) — (62), [M Ineq 1] and [M Ineq 2] given below,

Tt = altto, (59)
B A 1—¢—p
o = B |pAk? ™ (1 —qn)" (]_V> +1-4¢, (60)
l—a- A
(TB) ¢ = pAk?®(1—qn)" (N) (gn —B), (61)
_ _ AN\ e B
e+km = Apk®(1—qn)* (N) +(1-0)k, (62)
Ay (& 0 H 0 1—¢p—pg.0—0 pt0-1 Fhtpu—1
[M Ineq 1] : 1< b T—¢ A FEP™Y (1 — gn) NoTR=Y
20 -
i 3 1—¢—p
[M Ineq 2] - (vwz ) -

(4) Initial conditions (ko, No) generating such a solution correspond to (k, N).

Proof. The solution considered here (such that the Solow technology is never operated, i.e., k1 = k; and
kot = k¢, Vt) must satisfy

Ct+1 B
e 1—
c g (Tt+1 + 6) ) (63)
A-a=fe _ L Wi
ang - @ Tt4+1 + 1-— 5’ (64)
A 1—¢—p
e+ keane = Ajoyikd (1 — qng)” (F) + (1 = 0)ky, (65)
t
A 1—¢—p
Tt = ¢A10’yl k¢ 1 — qnt (ﬁ) (66)
t
- A
we = pAiyiky (1—qng)* (67)

where n; = Nf\%tl and the following inequality stating that the unit cost in the Solow sector is greater than

1, in other words, inequality (9) is reversed (see optimal resource allocation condition (10)),

. 1 <¢A1th"1L¢A1—¢—M> (uAltK¢L“ TAI=¢— M) e o
Aoy ] 1-0 P
1 Au (0N (i N g g (6 1)056(1=0) 0+ (=) (1—0)
< A_zt <§> <m> A Kt Lt . (68)

From the first equation, which becomes v, = ‘f—L [re41 + 1 — 6] on a BGP, we see that 7, must remain constant,
so we replace it by r. Then the constancy of r together with its definition in (66) imply that on such a BGP,

1—¢—p
= Ajoyik? (1 — qn)* (&\t) grows at the same rate as ki, so 7, = V.
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Next we want to show that ¢; and k; must grow at the same constant rate. Consider (65) rewritten using
the definition of r from (66),

rk
ct +hiping = J + (1 = )k,
ct r kit
— = —+4+(1-6)- n
ki 1) ( ) k¢

The right hand side is a constant, hence, the left hand side must also remain constant, denote it by p = %
So, ¢; and k; must grow at the same rate too. Hence, we have , 7. = v, = v, = 7. We use (66) together
with the constancy of r once again to pin down the relationship between v and n,

o-1 _ pl—d—n

Y1
Output can be rewritten as
ANk AN w (1—qn)
Ayk? (1 - = — Apk? (1 — =
1tky ( qn)"* <Nt> 5 or as Aj+ky ( qn)" (Nt) .
This means that we can solve for w; in terms of k; : w g(ff_qtn) Then

o _asl—gn) _ s(l-qn)

Wi wrky ur

Hence, we get a system of four equations (55) — (58) in four unknowns (v, n,r, p) that describes properties
of a Malthus BGP. So far, we proved results (1) and (2) of the proposition.

Rewriting (63) — (65) in terms of efficiency variables gives

* * * 1—¢p—p
Cey17 BNt *p—1 Nt+2n " A
—_— = " ¢ Aok — Gt " +1-4],
Ct Nian i N N
(1—a—p)c; Ny b Nign pEL A\
= Aqok 1-— -
aN{n ek 10 @ N¢ N¢

* N on\ P11 A 1=¢—u
it (1 e 5e)" (52)
Nt* uw 1—¢p—p

dAk; Pt <1_Qf_NtijL> <N‘}1> +1-96

N . Nin\" [ A\ T
ci + ki ]{57—:1 n Ajoky? (1 - Qti> (N*) +(1—0) Kk,
t

Whenever the original variables are on a Malthus BGP, the efficiency variables are in steady state. This is
true by construction of efficiency variables (that utilized information on v and n along a Malthus BGP).
Hence, the above system must hold when we replace efficiency variables by their constant steady state values,
denoted by a bar. The above equations simplify to (60) — (62) . Equation (59) holds because (55) holds (as
already shown) on a Malthus BGP. We also have that ¢, k, N correspond to cg, ko and Ny, respectively. Since
the original variables, cg, kg and Ny, are positive, we have also have ¢, k, N > 0.

By optimal resource allocation condition (10), we have that inequality (68) must also hold V¢. Substituting
from the equilibrium condition, L; = (1 —qn) Ny and from N, = Nn', K; = kN (yn)", Ay, = Ay,
Aoy = Aggryh, we rewrite this inequality as

A7y (9 ' H o 1=¢=n (BN £) (7 DoHO00) v, b\ O+ (p—1)(1-6)
te Az075 \ 0 1-0 A (kN (yn) ) ((1 —qn) Nn') : (69)
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For this inequality to hold for all ¢, it must hold for t = 0 and the growth rate of the denominator of the right
hand side must not exceed the growth rate of the numerator. In other words, the following two conditions
must hold,

Agg \ 0 1-46
v < M (vn)(¢_1)9+¢(1_9)n“9+(“‘1)(1—9),

6 1-60
1 < @(?) ( p ) AL () D0 (1 g gy HD0=0)

which simplify to exactly [M Ineq 1] and [M Ineq 2]. m

Proposition 13_If9 € © is such that for some arbitrary N > 0 the system of equations (59) — (62) has a
solution vy, n, ¢, k such that y,n,¢,k > 0, [M Ineq 1] and [M Ineq 2] are satisfied, then (ko, No) = (k, N)
generates the solution exhibiting Malthusian balanced growth behavior from period 0 and onward.

Proof. This proposition assumes that 6 is such that for some arbitrary N, an admissible solution to the
steady state values of efficiency variables that correspond to a Malthus BGP exists and both [M Ineq 1] and
[M Ineq 2] hold. We want to show that 6, (k, N) € Sj.

We start the economy off at kg = k and Ny = N. Consider sequences {k; = kv, ¢; = &y, Ny = Nnt}zo
as a candidate solution. We will show that this proposed solution satisfies all sufficient conditions for an
equilibrium exhibiting Malthus BGP properties. This solution satisfies equations (63) — (67) V¢. Since the
assumptions of Proposition 5 hold, the transversality conditions (4) and (5) also hold. Because [M Ineq 1]
and [M Ineq 2] are satisfied, we have that inequality (69) holds V¢. Substituting N; = Nnt, K, = kN (yn)",
Ay = Aot Ao = Agonh into this inequality gives (68l Vt, that is, the Solow technology is never used.
Hence, the proposed solution, {kt =kyt, ¢y = ey, Ny = Nnt}:io, satisfies conditions sufficient to be the
equilibrium solution. Hence, 0, (ko =k, No = N) € S;. m

Corollary 14 (to Propositions 12 and 13)

Suppose there is a solution {ci, Ny, ki, ys }oo o such that all variables grow at constant rates Vt and the Solow
sector never operates ( yor = 0 Vt). Then given the solution ~y,n,r,p to (55) — (58), we have that 7,

1
- _ = _
n, N = Ny, k = s and ¢ = pk solve (59) — (62) and satisfy [M Ineq 1] and
pA10(1—qn)" (&)

[M Ineq 2.7 Conversely, given a solution v, n, N, k, ¢ to (59) — (62) such that [M Ineq 1] and [M Ineq 2]
are satisfied, we have v, n, p= £, r = ¢A10k?~" (1 — qn)" (%)1_¢_“ solve (55) — (58).

Proof. Straight-forward to verify. m

Proposition 15 (Part 1) If@ € © is such that for some arbitrary N > 0 the following system of equations
(59) — (62) has a solution vy, n, N, ¢, k such that ¢,k > 0, [M Ineq 1] and [M Ineq 2] are satisfied, then
there exists at least one ko such that 0, (kO,NO = N) € Sy. (Part 2) If 0, (ko, No) € S, then the system of
equations (59) — (62) has a solution -y, n, ¢, k, N such that ¢,k > 0 and [M Ineq 1] and [M Ineq 2] both hold.

Proof.

(of Part 1) Part 1 of this proposition states that for a set of parameters and an arbitrary N such that there
is a solution to (59) — (62) for which [M Ineq 1] and [M Ineq 2] both hold, there exists at least one pair of
initial conditions such that equilibrium time paths exhibit Malthusian balanced growth behavior in the limit.
The proof is implied by Proposition 13. The solution generated by (ko, No) = (E,N ) exhibits Malthusian
behavior from period 0 and onward, and hence, it also delivers Malthusian behavior in the limit.

"Notice N influences k and ¢ as well as [M Ineq 1].
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Again, for most such @, there is a continuum of kg such that 9, (k;o,No =N ) € Ss, but the restrictions on
such § and kg are impossible to derive analytically.

(of Part 2) If 6, (ko, No) € S then for ¢ large enough, say t > ¢*, the economy approximately exhibits the
properties of a Malthus BGP, i.e. equations (55) — (58) have an admissible solution v, n, r, p and [M Ineq 2]
holds either with = or with <. Indeed, if [M Ineq 2] did not hold, for ¢ large enough, Solow sector would
operate. Now pick any arbitrary £ > t* and let N = N;/n’. Note that NN is unaffected by the choice of £ > ¢*.

1
_ -1 _
Then it is easy to verify that v, n, N, k = <¢A10(1—qn)7;‘(%)1¢“) , ¢ = pk solve (59) — (62) and satisfy

[M Ineq 1] and [M Ineq 2]. It is easily verified. (See Corollary 14). m
Proposition 16 For a given 0, there may exist multiple pairs (ko, No) such that 0, (ko, No) € S5.

Proof. This is true because the system (59) — (62) together with [M Ineq 1] and [M Ineq 2] can have more
than one solution. Consider the following 6 as an example: & = 0.4, 8 = 0.2, ¢ =0.03, 1 =0.71147, A =1,
0 =0.486, 5 = 1, A, = 100, Ay = 100, a = 0.451, b = 0.259, 7 = 0.6706, 7, = 1.3845, 7, = 1.1165. Then
(ko, No) = (1.549, 0.00202) and (ko, No) = (1.86925, 0.001) both belong to S5. =

4.1.4 Comparative Statics Results for the Malthus BGP

o First we show that 86_“71 < 0| (=0 when ¢ =1).

Indeed, we can rewrite equations (55) — (58) as

(1-a—B)¢(1—qn) (%"05)
an (B - (1-9))

where r = 2 — (1 —6) and p= 3 + (1 —0) —yn.

+(15)7n> = qn—p,

B
Let k = ﬁ%l,
1yt = et
1 n — (1 —9) g B

1
— 1—

_1
The first equation gives (nl—jh) =% =~ and hence yn =, * ni-s. Substituting into the second equation
gives

e ] (70)
EE)

The above equation implicitly defines n. Note that if 6 = 1, n is independent of -, so in that case 86_“71 =0.
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Totally differentiating w.r.t. v; obtains

1 1
on |1 AP nTs — (1 —96) ( 2 = &1+¢) S =
—q— | == —(1—g¢gn ni-s + n 1m0 ! —(1-94¢
2TE (1)
e S 2 9
1 = = p-lie L vi “ni- o n
3 3 = 1 _
=7 nt oy T ><7 nI-¢ ) —(1-=9 =—q-—, le
HE 1 1 B a-e)) =gt
1
9 1 T (1§ 1 o S 1- 1-96
B B I L [ L
o\ =o,m5% 14 fl—¢ o
47— - (1-9) e —(1-9)
» o
Kp 07,
T;]—‘bnl_% (1-9) T;]—‘bnﬁ
Note that%— Lt > 0. Indeed, r = 2 3 —(1=¢)>0and '71 —(1—=16) could
—
( ¢Bnl_¢ (15)>
'yﬁnﬁ—(l—é)

have either sign. If it is negative then we are done. However if it is positive then ( —=—

—g—
o

Note that 1—gn > 0 because this is labor supply per adult. It is clear from the above equation that 5—7”1 < 0.
Otherwise, we would have a negative LHS but a positive RHS.

J
e Since v = (-724=) " ? and we already showed that % < 0, we have 8—% > 0|

8n

e We also have 4 < 0 (equivalently, 8" > 0).

Consider (70) again,

(1 —qn) é— Vgn_l:_(l_é) = %(qn—ﬁ)
('Y] ni-¢ (1 5)>
1 —(1-96 1-0
(1qn)<5%> = (Ke)(qnfﬁ)

Recall that the second term of the product on the LHS is positive. This means that both (1 —gn) and
(gn — ) are positive. (Indeed, both of these expressions being negative would imply 1 < gn < (3, a contra-
diction). Suppose contrary to the claim, we have 8" > 0. Then as q increases, n also increases. Then unam-

_L _H_
P nT—0 —(1—
biguously, (1 — gn) declines and (¢gn — /3) increases. For equation (70) above to hold, i— (71 B
1 5))

,Ylfd’nlfqb
H——-a-
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must increase. This leads to a contradiction. Indeed,

_ __(1=90-8) _,
+ +

1
e Finally, since we have v = (24— ) "7 and we already showed that g—z < 0, we also have %;L > 0. (As

survival probability increases, ¢ declines, population growth rate rises, dampening economic growth.

4.1.5 Derivation and discussion of Solow balanced growth properties

Recall from Lemma 2 that it is always optimal to operate the Malthusian technology. This means that a
Solow balanced growth path can only emerge asymptotically, with the Malthusian output relative to the
total converging to zero, as defined in S3. In order to have a discussion and derive equations describing
Solow balanced growth, we eliminate the Malthusian technology from existence by setting A;; = 0 for all
t. In such a system, there is only one state variable, k;. Initial condition Ny only determines population
dynamics. Optimal per capita variables are independent of {N;};~ 0

Proposition 17 Consider a version of our model with Ay, = 0, Vt. If there is a solution {ci, Ny, ki, yt }oep
such that all variables grow at constant rates, say v.,n,Vy,7, then the following is true.

(1) Ve =% =7y =17
(2) The unknowns y,n,r,p (where p = ¢ ) are determined by the following system of equations,

v o= 7 (71)
yn = Br+1-=9) (72)
(1-—a-p8) 6(1—gn)

ptan = g+(1—6) (74)
(3) Corresponding efficiency variables, defined as follows,
* Ct * kt « Nt
Ct:?a t:?7 t:F7

with v and n given by (71) — (74), are in steady state for all t (which we denote by a bar), ¢,k > 0 and
satisfy (75) — (78), [S Ineq 1] and [S Ineq 2] given below,

v o= 7 (75)

m o= B [eAzofc"-l 1-—qn) " +1-5 (76)
(F5=2)e = a-0ank 0-g (a0 -5) ()
c+kyn = Ak’ (1—qn)' P+ (1-0)k (78)

(4) Initial condition ko generating such a solution correspond to k.
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Proof. The proposed solution must allocate zero resources to the Malthusian sector, y1; = 0 (because
Aq: =0). Hence, conditions that the equilibrium solution must satisfy (with A;; = 0) are given by

Ct+1 B

e L 1—

o nt (re+1 + J), (79)
l-a-0)c Wy41

o)t T+l 80
ong vt reg1+1—0" (80)
ct + kt+1nt = Azo’ytzkte (1 — qtnt)l_e + (1 — (S)kt, (81)
re = 0Aypyhk Tt (1—qmi)' 7, (82)
w, = (1—0)Agoyhk? (1 —qmy)~?. (83)

From the first equation, which becomes v, = g [re41 + 1 — 6] on a BGP, we see that 7, must remain constant,

so we replace it by r. Then the constancy of r together with its definition in (82) imply that

1

T =72" (84)

Since output can be rewritten as Ak? (1 — qn)' ™% = %Atkf_lkit (1—gn)'™? = ke we have Yy = Vi~ Next

we want to show that ¢; and k; must grow at the same constant rate. Consider (81) rewritten using the
definition of r,

rk
ct + kt+1nt = ?t + (1 — 6)]%,
Ct T kt+l
R S R a2 0
ky ¢ ( ) ki

The right hand side is a constant, hence, the left hand side must also remain constant, denote it by p = %
So, ¢; and k; must grow at the same rate too. Hence, using (84) we have

1
Ve =TV =Ty =EV=72 - (85)

Further, from the second equation (80) it is seen that ¢; and w; must grow at the same rate. m
Note that output can also be rewritten as either %ﬁ or
_ 1-46 _ 1-
AR (=g = 220 A K (1 gy (1 gmy = LD
1-6 1-6
i.e., we can solve for w; in terms of k;. We obtain w; = %q%t. Then we obtain

a _af(l—gn)  6(1—qn)

w,  k(l—0)r a—eor’

which mean that (80) can be written as
(1-—a—-p) 6(1—qn)
! P (1-0)r

Hence, we obtain a system of four equations (71) — (74) in four unknowns v,n,r, p. So far we proved parts
1 and 2 of the proposition.

=qn — .

Rewriting (79) — (81) in terms of efficiency variables gives

* * * 1-6

Ci417 BN #0—1 ( N on
" = " 0 Asok 1—th +1-4],
Ct N{an [ e N

(1—a—p) GN;
! N{n

)

Nfion\ ™
N5 o\ v (1—0) Asoki?, <1 Q1N )
= g (1—0) Agok;? (1 — G ) a : y
Nijan

*0—1 1=0
0A20kt+1 (1 — qt+1 Nt*+1 ) +1-— 1)

N
ci + ki ]Qtl yn
t

1-6
TE‘) + (1 —5) kf.

I
b

[\v]

S
3
o+ X%
>

N

=

|
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Whenever the original variables are on a Solow BGP, the efficiency variables are in steady state. This is true
by construction of efficiency variables that used information on v and n determined in (71) — (74) . Hence,
the above system must hold when we replace the efficiency variables by their constant steady state values,
denoted by a bar. The above equations then simplify to (76) — (78) . Equation (75) holds because we showed
that equation (71) must hold. We also have that ¢, k correspond to ¢y, ko, respectively. Because the original
variables, ¢y and kg, are positive, we also have ¢, k > 0.

Proposition 18 Consider a version of our model with Ayy = 0, Vt. ]f@ € O us such that the system of
equations (75) — (78) has a solution ~y, n, ¢, k such that y,n,¢, k > 0, then (ko, No) where kg = k and Ny is
any positive real number generates the solution exhibiting Solow balanced growth behavior from period 0 and
onward.

Proof. This proposition assumes that 0 is such that an admissible solution to the steady state values of
efficiency variables that correspond to a Solow BGP (in an economy without the Malthusian technology)
exists. We start the economy off at ky = k and N, being any positive real number. Consider sequences
{ki = ky',ct = &', Ny = Non' :io as a candidate solution. This solution satisfies equations (79) — (83) Vt.
Since the assumptions of Proposition 5 hold, the transversality conditions (4) and (5) also hold. Hence, the
proposed solution satisfies conditions sufficient to be the equilibrium solution, and it exhibits Solow balanced

growth properties. m

Corollary 19 (to Propositions 17 and 18)
Consider a version of our model with A1y = 0, Vt. Suppose there is a solution {ct,Nt,kt,yt}zO such that
all variables grow at constant rates Vt. Then given the solution vy,mn,r,p to (71) — (74), we have that v, n,

1
k= (W) """ and ¢ = pk solve (75) — (78). Conversely, given a solution vy, n, k, ¢ to (75) — (78),

we have v, n, p =< and r = 0 Aok?~" (1 — qn)lf& solve (71) — (74) .

<
k

Proof. Straight-forward to verify. m

Proposition 20 If 0, (ko, No) € Ss then the system (75) — (78) has a solution v,n, ¢, k such that ¢,k = ko >
0.

Proof. If 9, (ko, No) € S5 then for ¢ large enough the economy approximately exhibits the properties of a
Solow, with the Malthusian sector output relative to the total converging to 0. Equations (71) — (74) then
have an admissible solution 7, n, 7, p. Then the steady state levels of efficiency variables have an admissible
solution, as we can back these out as in Corollary 19, i.e., 6§ € O satisfies (75) — (78). ®

4.1.6 Comparative Statics Results for the Solow BGP

Consider a version of our model with Ay = 0, V¢.

o First, it is clear from (71) that | £= >0}

e It is also true that 687”2 < 0| (=0 when 6 =1).

Indeed, we can rewrite equations (71) — (74) as

(l-a-B)_ 00-q) (%ﬂ—(l—é)
a (14))(%*(1*5))

>
+
-
|
o)
|
2
3
~
I
)
3
|
=



ie. (let k = (1%_;5)),

Y= Y2
(1—g¢n) (%—%) _ (1;99) (qgn—B). (86)

B

Note that if 6 = 1, the above equation defines n independently of =y, so in that case 80” =0.

Totally differentiating w.r.t. v (which is a function of an exogenously given parameter 72) obtains

O e () A WP B vz _<vn—<1—6>><—1>1< @) _ (-0 on
qm(e 3;(15))“1 M TEm 1) (3-a-o) ° ") | T TR Yoy
on (1 n—(1-9) yn—(1-6) 1 on n+ 42 (1-60) on
Il | T —an) ——< nETgy )—niﬂY = 5=
0y (9 %—(1—5)) (%7(17 )> g 0y & —(1-9) kO Oy
Substituting for ¢ = M(ll—(;l gives
Y e ) ey 0o o
q67< C) - (ﬂﬁﬂ (1_5)) (6 1) e oy
n/SE 4y _
Y P Gk Ca| - o0n,
L))

Note that r = % —(1—=9) > 0, but ¢ can be negative or positive. If it is positive then { <  because
An _ (1=38)
ﬁ% < 1, so we have 1 7 — (¢ >0 and ﬁ — 1 < 0 in the above. It is then clear that 8” must be negative

B
for the LHS to yield a p081t1ve number.
Since J > 0, we have < 0.

e Finally, we also have 8” <0 (equwalently, 8" > 0)

Consider (86) again,

(1~ an) (é—?ﬁf‘ﬁ‘ﬁ%) = - p)

Recall that the second term of the product on the LHS is positive. This means that both (1 —¢n) and
(gn — B) are positive. (Indeed, both of these expressmns being negative would imply 1 < ¢gn < 8, a
contradiction). Suppose contrary to the claim, we have > 0. Then as q increases, n also increases. Then

unambiguously, (1 — gn) declines and (gn — ) increases. For equation (86) above to hold, (5 — %)

must increase. This leads to a contradiction. Indeed,

d (1 yn-(1-4) 7(%*(1*5)%%(%*(1—6))
dn - n
m-(1-9)p)-(m-(1-9) _ (1-9)(1-0)
+ +

6 W (19
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4.1.7 Segmentation of the parameter and initial conditions space

Proposition 21 30 € © such that S1, So, and Ss are all non-empty.

Proof. It suffices to present an example. Consider the same 0 as in the proof of Proposition 16. Then
(ko, No) = (1.549, 0.00202) € Sa, (ko, No) = (27.1564, 0.995) € S5, and (ko, No) = (15.1665, 0.0044) € S;.
The initial condition then determines the limiting behavior of the equilibrium paths. For each such 0 that
we found, 57 coincides with S}, that is, there is a unique initial condition that allows the equilibrium time
paths to exhibit Malthus-Solow BGP behavior. Refer to Figure 2. The discussion here corresponds to the
segment of § for which S5 is depicted as a smaller part. For this segment Sjconsists of a line. m

Figure 2 roughly illustrates how the space of parameter and initial condition values may be split into
S1,87,52,855, 55 and other segments generating behavior omitted from the above discussion.

(k,.N,)

I

Figure 2. Stylized Segmentation of the Parameter and Initial Conditions Space

There is no analytical solution for the limiting growth rate of population and per capita output (v and n) in
Sy and S3. The systems of equations determining vy and n in Sy and S5 are given by (55)—(58) and (71)—(74),
respectively. The comparative statics results show that for both, Malthus BGP and Solow BGP, increases
in the TFP growth rate lead to a decline in the population growth rate and an increase in per capita output
growth rate. For Malthus BGPs, increases in probability of survival lead to exactly the opposite effect. In
contrast, for Solow BGPs, increases in survival probabilities lead to increases in population growth but do

1
not affect the growth rate of per capita output, v = 721’9.
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5 Calibration as a solution to the system of linear equations

We calibrate the model under the assumption that the English economy around 1600 is on a Malthus-Solow
BGP. The system of equations that describes the properties of a Malthus-Solow BGP is given by

1

v =, (87)

n = (vwz_%ywa (8%)

v - g[r—i—l—é], (89)
(1—;—6)5?2 _ q‘(rﬁfa)’ (90)
% - (1(;5_—%, (91)
Eern il ! .
ptom = %Hl—a), (93)

where the unknowns are v, n, , l1, p, py, py- (P = 75 P = %, Py = yj)

The idea is to rewrite the system of equations that describes the properties of a Malthus-Solow BGP (87)—(93)

in terms of the available data moments (LZL, yj, “’?l, %) and parameters only.
First, labor share is available and hence it directly pins down pu: “’71 = f%é = p. Equation six is wy; =
fﬁ% = %. Combine it with an algebraic identity to get
l—gn = L+1-l—¢qgn
wl = wlhi+w(l—1 —qn)
wh opylh (1 =0)yp (1-h—qn)
Yy by (1-kL-—gqn) Yy
wl 1-6
wh_ oy (1= 0)ye
Y Y Y
This pins down 6. Next, equation five is just r = % = (Tfipiﬁ. Combining it with an algebraic identity we
get
ko= ppk+(1—pp)k
rk = rpk+r(1—p.)k
Py Oy2
rk = —pk+—""—10—-p,)k
Pk i (1—pp)k ( 2
rk = ¢y +0y2
rk 0
L
Y Y Y

This allows us to get v; and v, and give prediction to v and n. Then v = g [r +1 — 6] can be used together
with r +1 — § in the data to get 8. We then use the moment gn to get a/7 + b. Separately employing the
assumption on a/b and 7 we calibrate a and b. Finally, we combine equations four and seven

Q-—a=P)ph _ 7
an LT Py, 1 (r+1-9)
p+yn = %4—(1—5)
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to get

(A-a-P)éh ( y _ o
” o (Trk +(1-9) 'yn) = gn T r1-0)
l-a=-p0=-qn) ¢ &L y n
i 2 1(1=-4%) — — o
o rp, (1 —gn) (Trk +(1-9) 7”) an (r+1-9)
Since
. o n
k1
F_ 2
Y1 TPk
and hence, the above becomes
l-a-pB)1Q—-qgn)y lrk I y n
= (r=+(1-9) - =qgqn— ————=
ap nry (1—gn) (Trk+( ) 'yn) an (r4+1-9)

which pins down a.

We can think of solving the last equation as solving 2 equations in two unknowns: p and a.

Hence, we solve the following equations

(l-a=B)A-qgn)ylrk &L
ap yiry (1—gn)
p+n

P

py L
li y

1-6
py (L= 0)ye
y y

o
(r+1-9)

Yy
Trk +(1-9)

(94)
(95)
(96)
(97)
(98)
(99)

(100)

(101)
(102)

(103)

Hence calibration can be summarized as a solution to a system of linear equations. In the system of linear
equations above, 7, 4,7, v, are directly pinned down in the data, although ~, and ~, are pinned down only
o, i1, 0 are determined. The system of equations consists of 10 equations in terms of 10 unknowns, 7 of which
are parameters, i, ¢, 6, 3, a, b, a, and 3 of which are moments that we do not take from the data: £, v,n.

Moments used are “’?l, %"', %, Lll,qn, &
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6 Solution method

The equilibrium time paths are sequences of allocations and prices that satisfy

C,
gl = B(rq1+1-9), (104)
t
1—a—-0)C,
( N B)Crna = aB[(rie1 +1-9) quwe — wiya], (105)
t+1
Cit Kip1 = F (K List)+ (1 - 0)K, (106)
Ly = Ny—qNiya, (107)
where
F(Ki Lit) = max [AMK;@L*I;AP“” + Ay (Ko — K1)’ (Ly — th)lf"} (108)
1t,41¢t
st. 0 < Ky <Ky, 0Ly <Ly
and

re = F1 (K¢, Ly t), we = Fo (K4, Ly t) . (109)

Notice that the time cost of raising a surviving child ¢; as well as A1, = Ajg HtT:o V1, and Agy = Ago Hi:O Yor
are indexed by t. The experiments that we perform involve changing {g¢;, 'ylt,yzt}ijggg in accordance with
historical data.

Conditions (104) — (109) rewritten in per household terms become

Ct+1 N,
—_— = 1-6 110
cr BNt—i-l (Tt+1 + )7 ( )
(I-a=B)ey1 = afl(reer +1-0) qwr — wipa], (111)
N,
Ct +kt+1 ]i;rl = f(kt,lt)+ (1*5)]%, (112)
t
lt = 1- qny, (113)
where
AN 0 1-0
f (kt, lt) = krnalx Altkclbtlilt (E) + Agy (kt — klt) (lt — llt) (114)
st. 0 < ki <k, 011 <y,
and
re = fi(ke,lt), we = fo(ke, le). (115)

Since the equilibrium time paths exhibit exponential growth, it is difficult to directly search for the numerical
solution that satisfies the above conditions. As is commonly done in practice, we work with efficiency, or
detrended, variables defined as follows:

Ct ky k1 Ny

¢ = o ke M N = (116)
[Tr=o 97 [T=o 9 [I=o9r ITr=o 9nr
* * * Wt *
lt = lta llt = l1t7 Wy = T—i—1 Tt =T,
HT:O 9r

where we assume that H;io gr = H;:lo gnr = 1 and g; and g,; represent the balanced growth rates of y; and
N; respectively that correspond to the parameters at time ¢. For the discussion of determining the balanced
growth path growth rates for a given parameter choice see the previous section on balanced growth. The
reason why we use products of growth rates to detrend the original variables instead of powers of the original
growth rate is again the fact that changing parameters might (and actually does) lead to a change of the
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limiting growth rates. Hence, detrending the original variables by powers of the growth rates along the initial
balanced growth path will not be sufficient to eliminate exponential growth of the unknown time paths.
We rewrite conditions (110) — (115) in terms of efficiency variables to obtain

Cry19t9nt N

= B (r} 1-6 117
c; BNt*H (i + ): (117)
(1-a-p) Crﬂgt = af [(Tfﬂ +1-— 5) qrwy — w:ﬂgt] ) (118)
N*
¢+ k?+1]\tf—fgtgnt = Sk 1) + (1= 6k, (119)
t
N1 gnt
R 12
lt qt Nt* ) ( 0)
where
Pl 1) = max { Ak BEATH 4 Ay (k) = k)’ (@ = 1)1 (121)
1t271t
st. 0 < kI, <kp, 0<I}, <l where
~ A
At - thﬂ
t—1 t—1 o1 /41 pteé—1
Alt = AlO (H 717) (H g‘r) (H gn‘r) )
7=0 7=0 7=0
) t—1 t—1 -1
Ase = Ago (H ’Yw) (H g‘r)
7=0 7=0
and

ry = filkes ), wi = fa(ky, 1) (122)

Hence, we search for equilibrium time paths of efficiency variables that satisfy conditions (117) — (122) using
the original steady state efficiency variables as the initial guess. Once the equilibrium efficiency variables are
obtained, we use (116) to back out the equilibrium time paths of the original variables.

7 Solving our model with the Barro and Becker parental utility

Proposition 22 Under the assumption of Uy = ¢ + n; “Uysy1 (the Barro-Becker formulation), the objec-
tive function in (DP) can be replaced by 3 oo B'ef N} .

Proof.

U() = Cg +B7’L(1)_8U1 =
=+ Bng (] +Bny Ua) =
= ]+ Bng (] + Bny (3 + Bny °Us)) = ...

— o Bnb 5] + Bng Bl oc§ + Pl *Bni =B Us = ..
N l1—e N. 1—¢ N. 1—¢
= §+Bc (F;) + %G (ﬁ) +8 (ﬁ) Us
1 1—e 0o 1 l—e oo
_ - t o aTl— : t ATl— I t oarl—
() (S ) - (3) e

Since Ny is just a constant, the utility function can be replaced by Z;io ,Btcg‘Ntlfg. ]
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Just like for the case of U = alogc; + (1 — «)logns + Uiy1, the competitive equilibrium allocation for the
case of the Barro-Becker utility can be found by solving the corresponding sequential problem,

o0

max Y BCINI e
{Cu,Ney1, Keqa1 5 =0

s.t. Ct + Kt+1 = F (Kt,Nt — qtNt-l-l; t) + (1 — (S)Kt,
Ly = Ng—qNgya,
. = ¢ h AL=9—u — oL, — 1—9}
F(KoLit) = o omax o {AG KRR 4 Ay (K= Kn)' (L= L)™'

Nonnegativity, Ko, Ng given.

7.1 Solving the model

All of the propositions from section 5 apply here except the equations must be replaced appropriately. In
this section we derive all of the relevant equations for the case of the Barro and Becker utility.
We use the following notation for the factor prices:
e = P (K, Ny — @ Nija,t)
wy = Fy (K Ny — qeNig1,t)
F.O0.C’s
[Ct] . O_BtNtlfsfo'Ctafl — )‘t7 a_ﬁtJrthl;lsfoCta_;ll _ At+1
[Kt+1] : )\t = )\t+1 (Tt+1 + 1-— 6)
[Net1] @ (L—e—0) B O NLST7 = Mqywy — Mp1Wig

The first order and feasiblity conditions are:

Ct+1 l1—0o B Nt+1 l—e—0
(Ct ) = (Nt B(riyr+1-10)

(1—e-0)BCu1 (Cra\" [N\ 77 - Wil
g Nt+1 Ct Nt . Tt4+1 + 1-6
Ci+Kipw = AKY (N, — QtNt+1)1_0 + (1 =9)K;
In per capita variables: {ct, key1, Nit1}og
c 1-0o
(il) ’I’Li = 6 (Tt+1 +1-— (S)
Ct
l—e—0
( )Ct+1 = (P41 +1-9) qwy — wi
¢t + kt+1nt = Atkt& (1 — qnt)ke + (1 — 6)]{1,5
Compare these conditions to the corresponding conditions for the Solow model with Lucas utility
th+1 Ty = 6 (’I”t+1 + 1-— (5)
t
1l—a-—
(Tgﬁ)ctﬂ = (re41+1=0) gws — wia
ct + kt+1nt = Atkf (1 — qnt)l_e + (1 — (S)kt
Ct4+1
B Ty = 6 (Tt+1 + 1-— (5)
t
(1-a-p) Wt41
c/ng = Wy — —————————
o t/ t Wt (Tt+1+1—5)
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7.2 Deriving Malthus-Solow BGP conditions
On the BGP, we have

y'7 = % [res1+1—9] (123)

l—e—0
gctﬂ = (re41+1-90) qwr — we (124)
PALV KT AT = 0Agoh (ke — k1)’ Tt (U=l —qn) 0 =1y (125)
pAL KGN TR = (1 0) Asoh (ke — ki)’ (1 — e — qn) 0 = wy (126)
ot kipn = A kD ()" (M) O + Agoyh (ke — k1) (1 — 1y — qn) =0 + (1 — 0)#27)

Note that on the BGP, ki; must grow at the same rate as k;, hence P = F1e/Fd must stay constant. Also
l1; must stay constant, denote it by [;. From the first equation we have r; must be constant, call it 7.

YT = % [r+1-4| (128)

l—e—-o
QCH_l = (T +1- (5) qtWt — Wi41 (129)
A7) (prke)” NI = 04 (1 = p) TR T (L=l =)' = (130)
o7 (k) TN = (1-0) Asony(1 = p) K (1=l —an) ™" = w (131)
cethean = AVGKTpRENTO T 4 Azorh (1 - pe) k(1= — qn)' =0 4 (1 - 6)32)

So, marginal products of capital in both sectors are constant. MP g in Malthusian technology being constant
gives

ro= oAy (prke) T ATOTH
1= nlToTEy

-1

and MP g in Solow technology being constant implies 'ygkf must be constant,so that

v ="

Combining these two equations pins down the BGP growth rates of population and per capita variables:
- i\ T
Y=, = <’Y172 - >

Further, ¢; and w; must grow at the same rate from the second equation. Denote 1 = % From feasibility
¢t and kyy1 must grow at the same rate. Denote p = %

Malthusian output can be rewritten as y1; = T—’;j-t = Qg—t or as Y1 = ﬂl%ll Hence, we can solve for w; in
terms of k;

TPkt _ wily
¢ It
prpike
Wt (i)ll

Then we get a relationship between 1 and p

o _ ol poh
we  prpgke  prpy,
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Hence, we can rewrite the second equation as

(I1—e—0)poly q(r+1-9)

= -1
o TPy g
Next define p, = yyl—:, then we can rewrite the third equation as
Syre . Oyx
prke (1= pp) ke
Pk (1= pp)
oy _ s
and the forth equation as
pyre (1 =0)yx
ll (1 — ll — q’I’L)
ppy — _ _(1=0)h
(1-p,) (1 -1y —qn)
Finally, we rewrite the feasibility condtion as
¢+ kipin = y+(1—=90)k
¢t + kt+17’L = & + (1 - 5)]%
Py
rppk
ct + k:t+1n = % + (1 — (S)kt
TPk
p+yn = —4+(1-96
PyP (1=9)
Hence, the system of equations becomes
;9
Y= 72
_1-9\ Ton
n = (7172 19)
Y B
A = = [r+1—4]
Q-c—o)pbh _ qlrt1-b) .
o HT P gl
O 0Py
ppy — _ _(1=0)h
(1- py) (1—=11 —gn)
TPk
p+yn = —+(1-9)
Py

where the unknowns are v, n, v, l1, p, py, py- (p=1% pr= %7 Py = %)
Next solve for the steady state in detrended variables.
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7.3 Calibration of the model under the assumption of the Barro and Becker

parental utility

Notice that we can also rewrite these equations in terms of available moments (Lli, %, TZ’ ’“—f) and parameters
only.
First, labor share is available and hence it directly pins down u: “’?l = filylié = U
Equation six is wy = /%“ = %. Combine it with an algebraic identity to get
l—gn = L+1-1l1—¢qn
wl = wh +w(l-1 —qn)
wh opyph (1 =0)ys (1-h—qn)
y by (I-lL—qn) y
wo_ o 1-0)y
Y Y Y
This pins down . Next, equation five is just r = % = (1—_9'%. Combining it with an algebraic identity we
get
ko= pk+(1—pp)k
rk = rpk+r(1—p,)k
Y1 Oys
rk = —Zpk+—"——1—p)k
Pk g (L—pp)k g
rk = ¢y1+0y2
ko _ o by
Y Y Y

This allows us to get v; and =, and give prediction to vy and n.

We then use the moment gn and the newly obtained n to get a/m +b. Separately employing the assumption

on a/b and 7 we calibrate a and b. Finally, we combine equations four and seven

(-c-cpsh _ alr41-9)
o urp v
p+yn = %+(175)
to get
(1—e—0) ol Yy qg(r+1-9)
9 L4 (1-06)— = LT =9
o g (Trk:+( %) 7”) ~
(l-e-0)(l-gn) ¢ kL y gn(r+1-29)
— —+(1-96)— = — -1
oW rp, (1 —gn) (Trk+( ) 'yn) n
Since
, o=
k1
E_ 2
U TPk
and hence, the above becomes
l—-e—0)(l—=—gn)1lyrk [ Yy gn(r+1-=19)
- (r=+(1-90) — =— -1
oW ry1 y (1—gn) (rrk—i_( ) yn) n

which pins down 1=£=¢
g

can think of solving the last equation as solving 2 equations in two unknowns: p and o.
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Then 4*~7 = £ [r +1 — §] can be used together with  +1 — § in the data to get §.

ne

Hence, we solve the following equations

wl ny !
- = £ 144
" Iy (144)
wh o (1—0)ye (145)
Y Y Y
rko_ on Oy (146)
Y Y )
v = 7 (147)
_l=g\ TR
n = (7172 - > (148)
qn ba
2 = ZZ 14
- e (149)
a = b (150)
(l-e-0)(d-gn)lyrk L p = an(r+1-0) (151)
o ry1y (1—gqn) m
Y
= r= 4+(1- 152
p+n (i +(1-9) (152)
i % [r+1-20] (153)

So, m, 8, 71, vo (although the last two can be pinned down only after ¢, i, 0 are determined) are directly
pinned down in the data. Also, € is set.
10 equations, 10 unknowns: 7 parameters u, ¢, 6, 3, a, b, o, and 3 moments that we do not take from the

data: p, v,n. Moments used “’?l, %", %, Lll, qn, 3,r. We have 7 moments and 7 parameters.

8 Effects of TFP and Labor Supply Changes on Structural Change

8.1 Changes in Productivity

In this subsection, we analyze the effect of changes in productivity on inputs allocation in a two sector
economy. In particular, we focus on the role that preferences play in determining the direction of resource
reallocation.
We describe a simple static general equilibrium model economy, with two sectors. The numeraire is good 2,
and the prices of labor and good 1 are quoted in units of good 2. The Households solve

max u (c1,¢ca)

C1,C2

s.t.

pc1+co=w+m + 7o

Firms solve

maxmy = pALf (L) —wly
1
maxmy = Azg (L) —wly
2
Market clearing
[Labor mkt.] : Li+Ly=1

[Good 1] @ ¢1 = Ay f (L1)
[Good 2] : ¢z = Aag(L2)
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Equilibrium: prices (p*, w*) and allocation (¢}, 5, Ly, L5, 7%, 75), such that (i) given the prices (¢}, ¢3) solves
the household’s problem, (ii) given the prices (L3, L3, 75, 75) solves the firms’ problems, and (iii) markets
are cleared.

The above equilibrium can be computed by solving the social planner’s problem

max u (c1, ¢a)
C1,C2

s.t.
c1 = Arf (L)
c2 = Azg (L2)
L1+ Ly=1

If the solution is interior (¢}, s > 0), then the relative price of ¢; can be inferred from

i (i ¢3) _
U2 (CT7 C;)

Wage can be inferred from pA; f’ (L) = w, if LT > 0 or from Aqg’ (L) = w, if L} > 0.

Corner solution means that only one sector is producing. Corner solution is possible if and only if two
conditions hold: (i) the utility does not satisfy Inada conditions, and (ii) at least one of the production
functions does not satisfy Inada conditions. If either the utility, or both production functions, satisfy the
Inada conditions, then we must have interior solution (cf, 5 > 0). To see this, consider the Marginal Rate
of Substitution and Marginal Rate of Transformation.

des oy _ B (66

MRS = on
dey uz (¢}, c3)
deo Asg' (La)
MRT = — (onPPF)=—"—"-
dCl ( ) Alf/ (Ll)

If u satisfies the Inada conditions, then M RS attains all the values between 0 and oo, and even if the PPF is
linear, tangency occurs at an interior point of the PPF. If both production functions satisfy Inada conditions,
then the M RT attains all the values between 0 and oo, and even if indifference curves are linear, a tangency
will occur at the interior of the PPF.

Example of corner solution. Suppose that u(c1,c2) = ¢1 + Bea, thus the utility does not satisfy Inada
conditions. The production functions are

Cc1 :AlLﬁ, 0<f<1
CQZAQLQ

i.e., the first one satisfies Inada, and the 2nd doesn’t. In this case, MRS = 1/ and MRT = A,/ (9A1 L?il) =
L <9A—A21>. The slope of the PPF at bottom end (when ¢o = 0) is MRT = eA_,ale- We have a corner solution

with only ¢; being produced if and only if 1/5 > eA_,ale' This is analogous to the Malthus Only case in our

paper. The solution is interior if 1/8 < ﬁf;.
We study sectoral shifts as a result of technological change, in the case of interior solution.

MRS = MRT
ur(ci,c2)  _ Asg' (L)
uz (c1,c2) A f' (L)
Substituting the production functions and the labor constraint, we have one equation with one unknown L;.
If the solution is unique, then this equation uniquely determines the labor allocation in this economy.

uy (Arf (L1), Aag (1= L)) Asg’ (1 - 1Ls)
uz (A1 f (L1), A2g (1 — L)) Arf' (L)
Ay f' (Ly)uy (AL f (L1), Asg (1 — Ly)) — Aog’ (1 — Ly) ug (A f (L1) , A2g (1 — L)) =0
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We are interested in the signs of OL;/0A; and 9L, /0A,.
0Ly J' [ur 4+ Arury f] — Asg'usn f

A1 AL[fur + f - (unALf —uinAsg))] — Ag[—g"ug + ¢’ - (ug1 ALf — ugaAag')]
It is hard to see anything from this condition. If utility is additively separable, then w15 = ug; = 0.

8L I ur + Ajuss f)

DAL Ay[f"ur + f o un AL f] + Ag [g"ua + g'uas Asg']

Even with the separability assumption, we can’t say much about the sign of 9L;/0A;. For instance, the
sign of the numerator depends on sign (u1 + Ajuir f). If ug > 0 and w11 < 0, there is no way to determine
this sign. Moreover, an important CES utility class is not separable.

Suppose that the two goods are perfect substitutes, so the utility is linear, i.e. u11 = uz2 = 0, and we have

0L f’ul

04, = A fruy + Angrus

The sign is always positive if production functions are strictly concave. This is the only general result that
we can obtain. Thus, with perfect substitutes, an increase in productivity in sector ¢ will always pull the
labor to that industry.

Important. Apriori, we have no idea how to model the preferences between the two goods. However, when
we measure the TFP’s in the two sectors, we find that the TFP in the Solow sector increased more. If we
assume that the two goods are perfect substitutes, then we guarantee that the labor will reallocate towards
the Solow sector. Notice that our estimates of TFP are independent of assumptions on preferences. Thus,
our estimates of the TFP’s impose restrictions on the kind of preferences that we need in order to generate
the sectoral transition.

8.1.1 CES utility, Cobb-Douglas production

Suppose that

u(cr,co) = [ac‘er(lfa)cg]l/p, p<1
cp, = AlLﬁl, 0<6, <1
cy = AngQ, 0<6,<1
Li+Ly = 1
The elasticity of substitution between ¢; and cg is 1/ (1 — p). Recall that
p=1 Perfect substitutes
0<p<l Substitutes
p=1 Cobb-Douglas
—00<p<0 Complements
p = —00 Perfect complements

Assuming interior solution, we have

MRS = MRT
( o )Cp_l 92A2Lg271

l-«a Czp_l N 91A1L?171

1—
( o ) Ay (1—L)\ " a4y (1— L)
1 -« Angl 91A1L§171

( a )(1—LL1)92<1—p> _ (&)pez(l——Ll)ez‘l

1—a ih(lfp) Ay glLfflfl

(1 — L1)17p02 92 11—« A2 ’
\. (L171117112) - L}_pgl 01 a ]_1 =0
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We are interested in sign (0L1/0A4), i.e.
oL, Wy

0A; U

The sign of ¥, depends on p in the following manner

>0 ifp>0
sign (U3)¢ =0 ifp=0
<0 ifp<0

Now we turn to the sign of Uy (L1, A;, As).

Uy =—(1—phy) (1= Ly) "2 L85+ (1= L)' 7% (p0 — 1) I8 2 <0
(p2 — 1)Ly + (1 — L) (pf1 — 1) <0

Notice that pf; — 1 is always negative when p < 1 and 0 < 6; < 1. Thus, the sign (9L;/0A;) is determined
by sign (Us), i.e.
>0 ifp>0  Substitutes
sign (0L1/0A1)¢ =0 if p=0 Cobb-Douglas
<0 if p<0 Complements

When the two goods are complements (it is hard to substitute manufacturing goods for food), we must have
a push effect of productivity in a sector on the labor allocated to that sector. If the goods are substitutes,
there is a pull effect of productivity in a sector on the labor allocated to that sector. If the utility is Cobb-
Douglas, labor allocation between the two sectors is independent of the productivities in the two sectors.
The next figure shows the labor allocation for #; = 2 = 0.5 and 3 cases of elasticity of substitution: p = 0.5,
p=0,p=-0.5.

Labor allocation

0.65
0.6 .

0.55 —+— .

0.5 — >
L1
0.45
/

0.4 -p
0.35 r=-0.5
0.3

— wm= (.5

0.5 1 15 2
Al

8.1.2 Stone-Geary utility, Cobb-Douglas production
Suppose that

u(cr,c2) = aln(en—é)+ 1 —a)ln(ea —é), é1,62>0
a = AL, 0<6,<1
ca AL, 0<6y<1

L+ Ly 1
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These preferences reduce to Cobb-Douglas when ¢; = é = 0. Assuming interior solution, we have

MRS = MRT
( o ) co— & 02A Ly
l—a)ca—-& AL
( a > Ay (1—-L)"” & _ (@) Ap (1 L= (154)
l-a ALY — & 01 A L)t

( o ) Ay (1— L))" —é& (@) AL — &
l-«a A2 (1 —L1)62_1 01 A1L§1_1

o Ay (1= Ly)" G (0
(1 —a> A (1-L) Y A (1 _Ll)"z—l] B (9_1> ALt oA L0
« G (1 — 1Ly 1-6: 0o 51L1_01
(1_0) [1L1%1 = (9_1) [LlT
(L> (1—1Ly)— ( = ) & (1—-L)' "= <@> Ly - <@> EL}_&
11—« 1—« Az 91 91 Al

o @ i 1-61 & 5_2 _ 1-62 _ & @ _
<1—Oz>+<91)A1L1 (1—0&) Ag(l Ll) Ll 1—Oé+91 =0

ALY &

Let
a 02\ ¢1 1.9 o! Co 1-6
- ) A i - gL 1
vinda) = ($255)+ (7)) Fum - (155) R0 e o)
- « 92
where ¢ = 1_a+01>0

First we show that ¥, is always negative.
92 51 —0 (67 52 —0
= — — | —=L7"+(1- — | —=(1-1L 2 —
o= - () St -0 (FR) a1y -
_ 02\ ¢ @ Ca
v, = (1_01)<91)01+(1_92)<1—a> ¢<0

Consider and upper bound on ¥; when ¢; \, ¢ and cs \, é2. We show that this upper bound is always

negative.
_ . 92 (% « 92
v, = (191)<91)+(102)<1—a)1—a91

92(1*91)*92+O{(1*92)*Oﬁ

91 l1—«
92(1—91)—02 a(l—eg)—a

= +

91 11—«
o 9279192792+a7a027a
- 91 11—«
= —fy— 2 <0

1l—a

Next, notice that

U, < 0 ifé>0
U, = 0 ifé=0
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Thus

0A, Uy
To summarize the results, the presence of minimum consumption requirement in industry 4 creates a push
effect of productivity growth on labor employed in that sector. This means that if only one good has minimum
consumption requirement, then an increase in that sector’s productivity will push the labor away from that
sector. An increase in productivity of a sector which does not have minimum consumption requirement,
does not have any effect on labor allocation between the two sectors. To convince yourself, observe equation
(155) which determines the allocation of labor between the two sectors. If ¢; = 0, then A; does not have
any effect of labor allocation between the two sectors. If é; = 0, then As does not have any effect of labor
allocation between the two sectors. Interestingly, if both goods have minimum consumption requirement
and both productivities go up, then labor allocation can change in either direction

8L17 v, <0 ifé >0
=0 ifé; =0

8.1.3 Quasi-linear utility, Cobb-Douglas production
Suppose that

u(cr,c2) = vyln(er) + e
c1 = AlLfl, 0<6, <1
Ccy = Angz, 0<bh, <1
Ii1+Ly = 1
Assuming interior solution, we have
MRS = MRT

v 0y Ax L5 "

e AL

o 0y Ay L9271
AL g A LT
~y 92A2Lg2_1
B

Clearly, labor allocation is independent of A;. Lets examine the dependence on A,. Simplifying the last
term, gives

(1-L)"" 6,4
T T e
It is clear even without taking derivatives, that an increase in As leads to lower Lq, i.e. higher Lo. Just in
case, let

— _ 0, A
U (L,A1,A2) = (17L1)1 02L117 02172
oL _ ~ (62/61) »
- [~ =0) (1= L) Ly (1= L) T L7

To summarize, A; does not have any effect on labor allocation, while A has a pull effect, i.e. higher
productivity in sector 2 attracts labor into that sector.
8.1.4 Intuition

In this section we are trying to find out what features of preferences determines whether we have a push effect
or pull effect. One might suspect that the elasticity of substitution is the one property responsible for the
direction of resource allocation due to productivity changes. This intuition turns out to be correct in most
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cases, but not always. In the CES utility, indeed, when the two goods are substitutes there is a pull effect
and when they are complements there is a push effect. However, with non-constant elasticity, this does not
have to happen. For example, in the Stone-Geary or quasi-linear utility cases, sometimes productivity does
not have any effect on labor allocation. However, when productivity does have effect on labor allocation,
the direction of the effect is consistent with economic intuition and the results obtained in the CES case.
Consider the elasticity of substitution between ¢; and ¢y in the quasi-liner utility case.

Thus, in the quasi-linear utility case,

%A (c2/c1)  d(cz/c1) v/c
%A (MRS)  d(y/c1) cz2/cy
dcacy — cadey vy
dyer —ydey ¢z

dC2C1 — C2dCl
B ngCl
ngCl — ngCl

CQdCl

- 1 dC2 C1
o dCl Co
N——
MRS
_ 4 la

C1 C2

- 1+L>1
C2

the two goods are always substitutes. However, the effects of changes

in productivity are totally different from the CES case. Recall that in the CES case, when the two goods
are substitutes, both A; T and As 1 have pull effect on labor allocated to their corresponding sectors. In the
quasi-linear case however A; T has no effect and A5 1 has a pull effect.

Consider the elasticity of substitution between c¢; and ¢y in the Stone-Geary utility case.

WA (fe) _ dleje) (w5) 55R

o =

VAN

(MRS) d((L> 22;62> cafca

11—« 01—51

c1—¢C

d(Cg/Cl) (CQ — 52) 2
d (527&2> Cc1 — 51 Co

C1 — 51 C2

|:d02(01_61)_(02_52)d01

dcocy —codey N
c? (Cg — 62) Cc1
(c1—é1)? }

deg _ deg
C2 Cc1

_deo

{(02 &) Ta- cl):|
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Use the fact that M RS = —dca/deq, that is, MRS is the negative of the slope of indifference curves, gives

(a=8) & -1
)

(c1—¢1)

Thus, in the Stone-Geary utility case, the two goods are always complements. As our analysis above shows,
the presence of a positive minimum consumption requirement in a sector implies a push effect of productivity
increase on labor in that sector. However, if a sector does not have minimum consumption requirement,
then changing productivity in that sector will not have any effect on labor allocation in the economy.

The next table summarizes the main findings. The arrows | and | indicate an increase or decrease in a
variable, while a bar on top of a variable indicates that the variable remains unchanged.

Utility Elasticity of subst. Parameters A7 A7

substitutes 0<p<l o>1 Li 1, Ly | Li |, Lo T

CES Cobb-Douglas p=00=1 Ly, Lo Ly, Ly
complements p<0,0<1 Ly |, Ly Li7, La |

¢1 >0, =0 L], Lo 7 Ly, Ly
Stone-Geary | always complements ¢1=0,¢>0 Ly, Ly L7, Lo |
¢1>0, >0 Ly, Ly L1, Ly |
Quasi-linear | always substitutes Eﬁgzi E 2 L1L %: éz ! Llfj: éz T

From the examples we analyzed above, we see that sometimes, changes in productivity of a sector does not
have any effect on labor allocation between the two sectors. However, when change in productivity does
have an effect, this effect is consistent with the basic economic intuition: (i) if goods are complements, higher
productivity in a sector will have a push effect on labor in that sector, to allow higher production of the
other good, and (ii) if the goods are substitutes, higher productivity has a pull effect, to lower production in
the other sector.

8.2 Changes in Total Labor Endowment

In this section we analyze the effect of a change in total labor endowment on inputs allocation across sectors.
In particular, we focus on the role that preferences play in determining the direction of resource reallocation.
As before, we assume interior solution to begin with, i.e. both sectors operate. The labor allocation across
sectors is determined by

MRS =
uy (€1, ¢2)
U2 (017 Cz)

MRT
Asg’ (Lo)
Arf' (L)

and

1 =Aif (L)
c2 = Azg (Lo)
Li+L,=1L

where L is total labor.
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8.2.1 CES utility, Cobb-Douglas production

Suppose that

1/p

u(cr,e2) = ladf+(1—-a)d]"", p<1
o = ALY 0<6,<1
o = ALY, 0<6,<1
Li+Ly, = L

In this setup, we are interested in the signs of: (i) dL1/0L, and (ii) OA/OL, where A = L1 /L is the fraction
of labor in sector 1. Assuming interior solution, we have

MRS = MRT

( o ) Cf_l - 92A2Lg271
l-« C B 91A1L?171
( @ ) <A2 (L—Ly) ) 04 (L—Ll)ez_l
l-«o A1L01 N 91A1L§171
(12) " M (@)" b2 (L~ L)
1—« L?l(l p) o Ay 91L?1*1

« (L - Ll)lipez o 92
11—« L%fpel o A1

B (L—Ll)l—'ﬁz_@ 1—a\ (42
)\ (L17 L) - L%fpel 91 a Al

First, we need
oLy Uy

oL U
The sign of Wy is always positive when p <1 and 0 < 02 < 1.

(1—pb2) (L —Ly)~""
Li*P91

Uy = >0

Now we turn to the sign of ¥y

Uy =—(1—py) (1= Ly) "2 L8" ™+ (1= L)' "% (po — 1) I8 2 <0
(P2 —1) Ly + (1 — L) (pbh — 1) <0
Which is always negative if p < 1 and 0 < 6; < 1. Thus, dL; /0L > 0 and by symmetry 0L2/0L > 0. In

other words, an increase in total labor, increases the labor input in both sectors.
Now we ask what happens to the fraction of labor employed in each sector when total labor input goes up.

Let A= L;/L.
V(AL = (L=AL)"" 4, <1a) (é)p
’ (AL 6

_ ooy (L= NI (1-a (A2’
/\171701 01 « A

A _ B
oL \I’l

We are interested in
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Notice that Uy is always negative if p < 1 and 0 < 0; < 1, so the sign of IN/OL is the same as the sign of
Ws5. The next table summarized the comparative statics.

>0 if[p>0,91>92] or [p<0,91<92]
sign (ON\JOL) ¢ =0 if p=0or 0, =6
<0 if [p>0,601 <] or [p<O0, 81 >06q]

We see that there are two cases where increasing labor endowment does not affect the fraction of labor
employed in each sector. The first case is p = 0, i.e. Cobb-Douglas preferences, and the second case is
01 = 05, i.e. when the labor share in both sectors is the same. Consider now the case of ;7 < 6. Both
sector exhibit diminishing marginal returns to labor, but the sector with the higher 6 less so. If the goods
are substitutes, p > 0, and the labor endowment goes up, it is efficient to allocate more of the extra labor
to the sector that "suffers less" from diminishing marginal returns. On the other hand, when the goods are
complements, p < 0, the consumer wants to increase or decrease the consumption of both goods together.
In this case, a greater fraction of the extra labor in the economy would be allocated towards the sector
with smaller . One can think of the sector with smaller 6 as the "weaker" sector because the returns to
labor diminish faster. If the goods are complements, and the consumer wants to increase their consumption
together, then the "weaker" sector "needs" more of the additional labor. When the goods are substitutes,
greater portion of the extra labor goes to the "strong" sector.

8.2.2 Stone-Geary utility, Cobb-Douglas production
Suppose that

U(C1,Cz) = Olhl(Cl*51)+(170¢)1n(02*52), C1,¢2 >0
cp = AlLﬁl, 0<6; <1
Ccy = Angz, 0<6,<1

Ii1+Ly = L

These preferences reduce to Cobb-Douglas when ¢ = é; = 0. Assuming interior solution, we have

MRS = MRT
( o ) co—Cy 92A2L§271
l—-a)ea—6& 01A1L?171
( o ) Ay (L—L)"” =& (@) Ay (L— L))"
l—a) ALY -& 1)  ALP
a \ As(L—L)" -5 05\ AL L% — &
(1—a) Ay (L) " (9_1) ALt

& (L — L)' (6 &LI="
01

L—Ll— Ll_

Ay Ay

o Ny (e N (e (L—L)"™™ (6, Lo (0 ek
l—« 1-— l—« A2 91 91 Al
a

(07
a 92 & 16, G 1-62 _ o O] _
(1—04>L+ 91>A1L1 l—« AQ(L Ll) Ll 1—Oé+01 =0

Let

— a 02y & p1p, (@ \Co 1-62 _
\IJ(leL) - <1—OZ>L+<91) AlLl 1—a A2 (L Ll) ¢Ll

where ¢ = +—=>0
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We showed in the previous section that Uy < 0 always. Next, we show that the sign of Wy is always positive.

_ a- S e
l-« (1 92)(104)02

The lower bond of Ws is attained when ¢ \ ¢z, hence

0
lI/2<1aa_(1_92)< - )Z =

11—« 1—«

which is always positive. To summarize,

oL, .
1_ ¥
T T

=)
This means that an increase in labor endowment will increase the labor allocation to sector 1, and by
symmetry to sector 2 as well.

More important is to find out what happens to the fraction of labor employed in each sector, when total
labor endowment goes up.

(%)1}(2) SLpi- 01<1aa)z—22(LL1)102L1 %+Z—j = 0
o (L)AL (e yaU-Wt nle 6],
1—a Aq L 1—a) As L L |l-—a 0]
o (@)ﬁLlMl 91( a >2L192(1)\)102)\' I
11—« A L 1—a) Ay L |1—a 0]
1°‘a+<2—j>2—11L01A101—(10‘a) AZL (—)\)1_02—)\_%—%2—?_ = 0

Suppose that ¢o = 0. Then

__o 02 oyt _ | @ 02
\IJ()\,L)l_a+< >A1 by Mizata| =0

0 0

U = (191)< 2) i "IA“"I[—lf +9—j]

«
0 0
AUy = (191)<2>A1 L™A GIALfoﬁe_j]

(0% 92 C1 —9 1—6 « 92 92 Cl _9 1—6 (0%
= 2} SLp it ) — 0, = <
1a+<91)A1 1-— +91 91 1*Ol<

(A, L)=0

U, = 6, (92> G p—0-1y1-01 _
01

If at least one sector does not have minimum consumption requirement, then we have the following results
>0 ifég>0andé; =0
sign (OA/OL)S =0 iféa=0andé =0
<0 ifég=0andé >0

It is more difficulty to find out what happens to A when both ¢, > 0 and ¢; > 0.
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8.2.3 Quasi-linear utility, Cobb-Douglas production
Suppose that

u(cr,c2) = vyln(er) + e
a = A8, 0<0,<1
o = AL, 0<6y,<1
I+Ly = L

Assuming interior solution, we have

MRS = MRT
v 92A2Lg2_1
c1 91A1L§1*1

v Ay (L— L)

ALY 01A, L1

(L—L)"™" 6,4,

Ly 01
(L—L)'"™" 04,

U (L, L) = —
( 1, ) Ll 917

It is clear without taking derivatives that

oL, Uy

oL - w0

This means that an increase in the labor endowment will increase the labor allocated to sector 1. Similarly,
it is easy to show that 9Ly /0L > 0.

Ll*@g
U (Ly, L) = 2
(L2, L) L — Ly
L, W
oL~ w0

Thus, an increase in labor endowment increases the labor employed in each sector. More interestingly, we
would like to know what happens to the fraction of labor employed in each sector as a result of an increase
in total labor endowment.

(L=AL)'™" 0,4,

v ()\’L) N AL 91’}/
=N g4
- ALO> Gy
oA . U,
oL~ Wy
Clearly ¥; < 0 and ¥y < 0, thus
2 g
oL

This means that higher labor endowment will push the labor towards the sector that produces the good with
constant marginal utility.
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