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Abstract

This paper examines the role of money when private information about the

quality of the goods is present. In the private information environment, barter

exchange for high-quality goods is rare since people have incentive to produce

low-quality goods and attempt to cheat uninformed trading partners. This en-

vironment gives money a role in mitigating informational frictions. I consider

two environments, one where traders can signal their quality of goods and one

where they cannot, and two types of informational problems �adverse selection

and moral hazard �in a search-theoretic framework. Both environments sup-

port the notion that money reduces the adverse selection problem and increases

welfare. However, with moral hazard, money is less e¤ective in overcoming in-

formational frictions. Because low-quality goods producers can still consume

as long as they hold money even when their products are recognized as low

quality, agents have incentive to produce low-quality goods. I conduct several

policy analyses, and �nd that the role of money is very sensitive to the in�ation

rate. While the Friedman rule is the optimal monetary policy in my environ-

ment, it cannot generate a �rst-best allocation unless traders are able to signal

their quality of goods.

�This paper comes from the �rst chapter of my dissertation "Essays on Applied Search Theory:

Money, Asset Prices, and Unemployment and Vacancies". I thank my advisor, B. Ravikumar, for

his guidance and helpful discussions. I am also grateful to Stephen Williamson and Christ Sleet for

helpful comments.
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1 Introduction

This paper investigates the role of money in an environment where producers have

private information about the quality of goods that they can produce. Qualitative

uncertainty can provide an incentive for some producers to produce low-quality out-

puts and attempt to cheat uninformed trading partners, and the trading partners

have to decide whether or not to purchase a commodity of unknown quality. This

environment gives money a function as a medium of exchange and a role in mitigating

informational frictions associated with commodity transactions.

The above idea was found by Alchian (1977), who argues that overcoming the

double-coincidence problem is at most a minor part of what money accomplishes,

and private information is the principal friction underlying the institution of mone-

tary exchange. Williamson and Wright (1994) use a search-theoretic model to formal-

ize Alchian�s idea and show that qualitative uncertainty can by itself make media of

exchange necessary, even if there is no double-coincidence-of-wants problem.1 Their

paper has prompted other analyses of search-theoretic monetary economies with pri-

vate information problems. For example, Kim (1996) studies the endogenous acqui-

sition of information, and Trejos (1999) investigates how a lemon-problem a¤ects the

purchasing power of money. However, the above models put strong restrictions on

individual money holdings and inventory and some even require indivisibility of com-

modities. These restrictions lose some insights of money and make the analyses of

some policy issues di¢ cult at best.

More recent studies by Berentsen and Rocheteau (2004) have relaxed the above

limitations by using a large-number-of-household-members assumption proposed by

Shi (1997) to make money and goods perfectly divisible. Here I use a di¤erent ap-

proach to solve the tractability problem with divisibility and consider di¤erent pricing

mechanisms to reexamine monetary and barter exchange in the private information

problem. My approach is based on the interaction between a decentralized market

1Before Williamson and Wright (1994), models where money helps ameliorate lemons problems

in the exchange of goods are constructed by Brunner and Meltzer (1971) and King and Plosser

(1986). All these models are in reduced form and quite di¤erent from search-based framework. The

advantage of search-based monetary model is straightforward: It provides strong micro foundations

with explicit descriptions of specialization, the pattern of meetings, the information structure, and

so on, which makes the role for money more explicitly than reduced form models.
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and a centralized market which was �rst studied by Lagos and Wright (2005). Money

and goods are perfectly divisible in my model.2 There are no inventory restrictions

in the model, where people can hold money or goods, or both, and as much as they

want. The terms of trade are determined by bilateral bargaining and all agents are

allowed to �nance their consumption with money, real production, or both. I consider

two di¤erent bargaining mechanisms, one where traders can signal their quality of

goods and one where they cannot.

The information structure is similar to Williamson and Wright (1994). There is

a positive probability that the trader cannot identify his trading partner�s quality of

goods. I consider two private information problems: the adverse selection problem

and the moral hazard problem. In the adverse selection problem, each agent faces two

types of productivity shocks and these shocks are privately observed. In this case,

money is very useful to reduce the adverse selection problem and increase the ratio of

high-quality goods consumption to total consumption. By increasing the real value of

money, one can improve social welfare because money promotes the trading of high-

quality goods and reduces the trading of lemons. While in the moral hazard problem,

each person can choose to be a high-quality producer or a low-quality producer before

matching, money is less e¤ective in alleviating the information problem except in some

limiting cases. If the probability being detected as a lemon producer is high, I show

that the monetary equilibrium is dominated by the active non-monetary equilibrium.

This result is due to the fact that money allows low-quality producers to consume

even when they are recognized as lemon producers. Money provides incentive to cheat

and increases the fraction of low-quality producers compared to the barter exchange.

I conduct some policy analyses in the private information environment. I �nd

that the role of money is very sensitive to the in�ation rate because the real value

of money is negatively related to the in�ation rate. Thus, �ghting in�ation can help

to ameliorate the informational frictions and improve welfare unambiguously. Not

surprisingly, the Friedman rule, which is optimal in other monetary search models,

is the optimal monetary policy rule in this paper. However, whether the Friedman

rule can generate a �rst-best allocation depends on the particular trading mechanism.

2Although both Shi�s and Lagos and Wright�s approach can generate very simple (degenerate) dis-

tribution of money holdings, the reasons for that are di¤erent. Comparison between two approaches

and the merit for L-W framework can be found in Lagos and Wright (2005) for detail.
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The �rst-best allocation is de�ned as the optimal high-quality goods production when

there is no informational friction. In the bargaining game without signaling the

quality of goods, the Friedman rule cannot restore the social optimum, while in the

signaling mechanism it can.

The paper is organized as follows. In Sections 2 and 3 the economic environment

and the information structure are presented. Section 4 considers a particular pricing

mechanism and characterizes the equilibrium. Section 5 analyzes the adverse selec-

tion problem and the moral hazard problem respectively. In section 6, I consider

another pricing mechanism to check the robustness of the results I found. Section 7

is conclusion. Most of the proofs can be found in Appendix.

2 Environment

The economy is similar to Williamson and Wright (1994) but with divisible goods

and divisible money. Time is discrete and goes on forever. There is a continuum

of in�nitely-lived agents with unit mass. There are two types of nonstorable goods:

high-quality goods and low-quality goods. An agent can derive positive utility from

consuming all high-quality goods and can get zero utility from consuming the low-

quality good. There are no costs for producing low-quality goods. However, producing

q units of high-quality goods yields the instantaneous disutility q. Let u(q) be the

instantaneous utility of consuming q units of high-quality goods, and I assume that

u(q) is increasing and twice di¤erentiable, and satis�es u(0) = 0; u0(0) = 1; and
u00(q) < 0. According to Lagos and Wright (2005), to guarantee our model has

nontrivial results, I assume that u0 is log-concave, i.e. u000 � (u00)2

u0 .
3 Furthermore,

there exists q� > 0 such that u0(q�) = 1. Hence q� can be interpreted as the �rst-best

production.

Besides consumption goods, there is another object called �at money. Money is

universally recognizable and cannot be produced or consumed by any private agents.

Money is perfectly divisible and storable, and agents can carry any non-negative

3I maintain this assumption even though I only consider the take-it-or-leave-it bargaining mech-

anism in this paper, while in Lagos and Wright (2005), this assumption is not necessary if the terms

of trade are determined by take-it-or-leave-it o¤er. This assumption is not so strong in the sense

that many standard utility functions satisfy it, e.g. CRRA utility.
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quantity of money. Let Ft(m) denote the CDF of money holdings across agents,

where
R
mtdFt(mt) =Mt is the total amount of money, at date t. The money supply

changes over time according to Mt+1 = (1 + � t)Mt. New money is injected in the

form of lump-sum transfers or taxes.

Each period is divided into two sub-periods � day and night. Money transfers

occur at the end of the second sub-period. Agents discount between periods at rate

�, but not between day and night within a period. There are two types of markets

in the economy: a decentralized market and a centralized market. The centralized

market is a perfectly competitive market where all agents can consume and produce

goods as in the standard macro model. In contrast to the centralized market, in the

decentralized market it is assumed that market participants cannot consume their

own output as in standard search theory.4

During the day, agents holding some amounts of money enter the decentralized

market with bilateral random matching. Each agent can only produce a good desired

by his trading partner which he cannot consume by himself during the match. But

the quality of the good is private information. Thus there is no absence of double

coincidence of wants problem here, but money could potentially be used in trade

although it has no intrinsic value. More precisely, there are two types of quality

of a special good, high-quality and low-quality. In the moral hazard problem, each

agent can choose to be a high-quality producer or a low-quality producer before the

match and his type is private information. Once he decides his type, he will not

have an opportunity to produce other type of goods in the match. While in the

adverse selection problem, an agent�s type is exogenously given. When agents meet,

they can assess other�s quality with probability � and they know whether other agents

recognize their goods or not.5 The terms of trade in random matching are determined

by bargaining which I will discuss later.

4In Lagos-Wright setup, they assume that there are two types of consumption goods: a general

good and a set of special goods. The only thing that makes them di¤erent is that the agent cannot

consume their own product of special goods. This feature is actually characterized by the market

friction which I incorporate it into the decentralized market. Therefore I don�t distinguish general

goods and special goods in this paper.
5The purpose to make this assumption is to coincide with the bargaining process. If I allow the

agent don�t know their trading partner being informed or not, I need to consider other bargaining

games.
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During the night, all agents enter into the frictionless centralized market. Since

there is no uncertainty concerned with quality of goods, all agents must produce

high-quality goods and consume them or trade them for money. I normalize the price

of goods in night market to 1 and let one dollar buy �t units of goods. All agents

take the price of goods as given.

3 Random Matching and Uncertainty

As mentioned before, in bilateral random matching, each agent can assess his trading

partner�s quality with probability � and cannot recognize the quality with probability

1� �.
Consider a random match consisting of two agents i and j. Assume P is the

fraction of high-quality producers in the economy. When agents meet, after they

assess their trading partner�s quality, they have some (prior) beliefs about the type of

their trading partner. Let "i 2 [0; 1] ("j 2 [0; 1]) be the belief of agent i(j) about his
trading partner j(i)�s quality. So "i = � means that agent i believes that agent j is a

high-quality producer with probability �: In some matches, agent i can recognize his

partner to be a high-quality producer ("i = 1) or a low-quality producer ("i = 0). In

other matches, agent i cannot distinguish the quality of goods produced by his partner

j, by the law of large numbers, in this case, his belief is "i = P . In general, the prior

beliefs during the match are ("i; "j) 2 E � f0; P; 1g2. Depending on the match type,
the pricing mechanism is characterized by complete information (("i; "j) 2 f0; 1g2),
one-sided incomplete information (only one of agent�s belief is P , e.g. ("i; "j) = (P; 1))

or two-sided incomplete information (("i; "j) = (P; P )).

When people are matched, the terms of trade must depend on what their beliefs

are concerning their trading partner�s quality. Let fH(") be the probability that

conditional on agent j being a high-quality producer, agent i�s belief is ". Similarly,

fL(") is the probability that conditional on agent j being a low-quality producer, agent

i�s belief is ". Using the detection probability, de�ne the conditional distribution of
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beliefs:

fH(") =

8>><>>:
0 if " = 0

1� � if " = P

� if " = 1

; fL(") =

8>><>>:
�

1� �
0

if " = 0

if " = P

if " = 1

: (1)

The unconditional distribution of prior belief is de�ned by:

f(") = PfH(") + (1� P )fL("):

Therefore

f(0) = �(1� P ); f(P ) = 1� �; f(1) = �P: (2)

4 Construction of Equilibrium

4.1 Value Functions

Let V (m; �) be the value function of an agent entering the day market with money

holding m and the aggregate state variable �. The state variable is speci�ed by

� = (�; F; P ), and the agent will take the law of motion of aggregate state as given.

To simplify the notation, I suppress the state variable from now on. Before an agent

meets his trading partner, he can choose to be a high-quality producer or a lemon

producer. Let VH(m); VL(m) be the value function of being a high-quality and a low-

quality agent in the decentralized market, respectively. Therefore, an agent�s value

function is:

V (m) = max
p2[0;1]

pVH(m) + (1� p)VL(m); (3)

and in equilibrium, p = P . Note that if I don�t endogenize the fraction of high-quality

producers, the exogenous probability p = P can be interpreted as a productivity

shock, i.e., the agent has a probability P to produce high-quality goods and 1 � P
to produce low-quality goods before he meets his partner, and this shock is again

private information. Let W (m) be the value function of an agent entering the night

market. Consider two agents i, j who are matched, with agent i holding m units

of money and agent j holding em units of money, and let �~�denote the variables

for agent j. The prior belief before trading is given by (";e"). Therefore the terms
of trade for the match is a triple (q"e"(m; em); eq"e"(m; em); d"e"(m; em)) that speci�es the
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quantity consumed by agent i; q"e", the quantity produced by him, eq"e" (that is the
quantity consumed by agent j) and the money transfer d"e" from i to j (Positive d"e"
means that the money transfers from i to j, while negative means that the money

�ows from j to i.) Bellman�s equations for agent i at date t are:

VHt(mt) =
X
(";e")2EfH(e")f(")

Z
["u(q"e"(mt; emt))� eq"e"(mt; emt)

+Wt(mt � d"e"(mt; emt))]dFt(emt); (4)

VLt(mt) =
X
(";e")2EfL(e")f(")

Z
["u(q"e"(mt; emt))

+Wt(mt � d"e"(mt; emt))]dFt(emt): (5)

The problem of an agent in the centralized market is:

Wt(mt) = max
x;y;�

u(xt)� yt + �Vt(�t + � tMt); (6)

s:t: xt = �t(mt ��t) + yt;

xt � 0; �t � 0; (7)

where xt is the consumption and yt is the production in the centralized market, and

�t + � tMt = mt+1 is next period money holding, where �t is money left over after

trading.

Solving the optimization problem in the centralized market, I have:

W (m) = u(x�)� x� + �m+max
�
f���+ �V (� + �M)g: (8)

Hence, W (m) is linear in m and for all agents and all t; xt = x�, where x� satis�es

u0(x�) = 1. Moreover, � is independent of m and Wm = �.

4.2 Trading Mechanism

I now consider the terms of trade in the decentralized market, which are determined

by bargaining games. There are three types of bargaining games: complete infor-

mation, one-sided incomplete information and two-sided incomplete information. In

all bargaining games with incomplete information, I consider the trading mechanism
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that excludes the possibility that producers signal their goods�s quality. I will come

back and discuss the signaling issue in section 6.

For complete information, in an asymmetric meeting (" 6= e"), assume that the low-
quality producer makes a take-it-or-leave-it o¤er for simplicity. While in a symmetric

meeting (" = e"), each of the traders maximizes the product of expected surplus6.
The threat point of an agent is given by his continuation value W (m). For example,

if agent i is recognized as a low-quality producer (e" = 0) and agent j is recognized
as a high-quality producer (" = 1), then agent i can make an o¤er. The bargaining

solution (q"e"(m; em); eq"e"(m; em); d"e"(m; em)) must satisfy:
max
q;eq;d "u(q"e")� eq"e" +W (m� d"e")�W (m);

s:t: e"u(eq"e")� q"e" +W ( ~m� d"e")�W ( ~m) � 0; (9)

�em � d"e" � m; (10)

where (9) is the market participation constraint. eq"e" must be zero because e" = 0.

Since W is linear in m, I can rewrite the problem (and the following bargaining

problem will use the same trick to simplify) into:

maxu(q"e")� �d"e"; (11)

s:t: � q"e" + �d"e" � 0 (12)

d"e" � m (13)

The solution to (11) will depend on whether the constraint (13) binds or not. Observe

that the participation constraint is always binding here. If (13) binds, then d"e" = m
and q"e" = �m � q1(m), otherwise d"e" = q�=� � m�

1 and q"e" = q�. The following

lemma states the result for this bargaining game:

Lemma 1 Under complete information, the terms of trade are given by:

(i) if " = 0; e" = 0, then q"e" = eq"e" = 0 and d"e" = 0
(ii) if " = 1; e" = 1, then q"e" = eq"e" = q� and d"e" = 0
6This assumption implies that the set of outcomes are incentive-feasible and bilaterally e¢ cient.

If I maintain the make-it-or-take-it o¤er under symmetric case, it is not clear why one of the player

can extract all the surplus when both players know each other be the same type.
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(iii) if " = 1; e" = 0, then eq"e" = 0,
q"e" =

(
q1(m) if m < m�

1

q� if m � m�
1

and d"e" =
(
m if m < m�

1

m� if m � m�
1

(iv) if " = 0; e" = 1, then q"e" = 0,
eq"e" = ( q1(em) if em < m�

q� if em � m�
and d"e" =

(
�em if em < m�

1

�m�
1 if em � m�

1

where q1(m) = �m and m�
1 =

q�

�
:

According to Lemma 1 (iii) and (iv), buyers can �nance their consumption with

money even though they can be recognized as lemon producers in the monetary

economy. In contrast, the agents who are recognized as low-quality producers cannot

consume in a barter economy because no one will trade with them. This feature

gives money a role in providing consumption insurance for low-quality producers.

Berentsen and Rocheteau (2004) call this the insurance e¤ect of money.

For the one-sided incomplete information case, I assume that the uninformed agent

who cannot recognize the quality of the good produced by his trading partner makes a

take-it-or-leave-it o¤er. By making such an assumption, I prevent any signaling issue

from money holdings because the quality of goods produced by the uninformed agent

is common-knowledge, the o¤er made by him does not convey additional information.

Assume agent j is the uninformed player, when he is assessed as a low-quality

producer, i.e. the beliefs (";e") = (0; P ), then agent i will not accept agent j�s

product, q"e" = 0. Also agent j maximizes his expected payo¤ subject to the market
participation constraint of agent i. There are two participation constraints: (a)

�eq"e" � �d"e" � 0 if i is high type, and (b) ��d"e" � 0 if i is low type. Obviously

if the former constraint is satis�ed then the latter will be automatically satis�ed.

Hence agent j makes the o¤er that must be acceptable by a high-quality trading

partner. Given this, the bargaining outcome satis�es:

max
q;eq;d Pu(eq"e") + �d"e"; (14)

s:t: � eq"e" � �d"e" � 0;

�em � d"e":
10



The solution for this problem depends on whether the constraint d"e" � �em binds or

not. Note that the side condition �eq"e" � �d"e" � 0 is always binding here. Hence if
the cash-in-advance constraint of agent j binds, then d"e" = �em and eq"e" = �em. If the
money holding does not bind, then the �rst order condition implies that eq"e" = q�P ,

where q�P satis�es Pu
0(q�P ) = 1, and d"e" = �m�

2 = �q�P=�.
When agent j is recognized as a high-quality producer, so the beliefs (";e") =

(1; P ), then the bargaining problem becomes:

max
q;eq;d Pu(eq"e")� q"e" + �d"e"; (15)

s:t: u(q"e")� eq"e" � �d"e" � 0;

d"e" � m:

Again, the participation constraint always binds which means the expected payo¤ of

agent i if he is high type is 0. If money holding binds, then d"e" = m, and the quan-
tities (q"e"; eq"e") must be a solution of following Euler equation and the participation
constraint:

Pu0(eq"e")u0(q"e") = 1 (16)

u(q"e")� eq"e" � �m = 0 (17)

If money holding does not bind, then (q"e"; eq"e") = (q�; q�P ) and d"e" = m�
3 = [u(q�) �

q�P ]=�.

Notice in both of meetings, when the true type of informed player (agent i in

here) is a high-quality producer, his expected payo¤ is 0, but when he is a low-quality

producer, his expected payo¤ is �em � 0 in the (0; P ) match and u(q"e")� �m � 0 in
the (1; P ) match. This re�ects the fact that under this pricing mechanism, due to

private information, the lemon producer can always mimic the high-quality producer

at no cost and extract a rent equal to the production cost of the high-quality producer.

This result is worthwhile to notice because it gives the incentive to produce lemons

and in turn it a¤ects the social welfare. Also it gives a role for money to mitigate the

adverse selection problem which is the major theme to be analyzed in this paper.

By symmetry, I can get a similar result when agent i is an uninformed player.

Therefore I summarize the above results and put them into Lemma 2.
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Lemma 2 In one-sided incomplete information match,

(i) if " = P , e" = 0, then eq"e" = 0;
q"e" =

(
q2(m) if m < m�

2

q�P if m � m�
2

and d"e" =
(
m if m < m�

2

m�
2 if m � m�

2

where q2(m) = �m and m�
2 = q

�
P=�;

(ii) if " = P , e" = 1, then
(q"e"; eq"e") = ( (qs(em); qb(em)) if em < m�

3

(q�P ; q
�) if em � m�

3

and d"e" =
(
�em if em < m�

3

�m�
3 if em � m�

3

where (qs(em); qb(em))7 solves
Pu0(qs)u

0(qb) = 1

u(qb)� qs � �em = 0

and m�
3 = [u(q

�)� q�P ]=�;
(iii) if " = 0, e" = P , then q"e" = 0,
eq"e" = ( q2(em) if em < m�

2

q�P if em � m�
2

and d"e" =
(
�em if em < m�

2

�m�
2 if em � m�

2

;

(iv) if " = 1, e" = P , then
(q"e"; eq"e") = ( (qb(m); qs(m)) if m < m�

3

(q�P ; q
�) if m � m�

3

and d"e" =
(
m if m < m�

3

m�
3 if m � m�

3

;

For two-sided incomplete information, neither of the two agents in the match

can recognize their trading partner�s quality. If I assume that each of them can

make a take-it-or-leave-it o¤er with equal probability, then this game has a signaling

structure because the sender of information who makes the o¤er can privately observe

his type and the receiver of information decides to accept or reject the o¤er. The

7Here I use subscript s to denote the �seller�who accepts money to exchange his outputs, and

use subscript b to denote the �buyer�who use money to purchase his trading partner�s goods.
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signaling game will be discussed later. Therefore, instead of studying the take-it-or-

leave-it o¤er, I look at the Nash bargaining game which is without signaling structure.

Consider the following symmetric Nash bargaining problem:

max
q;eq;d [Pu(q"e")� eq"e" � �d"e"][Pu(eq"e")� q"e" + �d"e"]

s:t: � em � d"e" � m
It is straightforward to show that the solution is: q"e" = eq"e" = q�P and d"e" = 0.
4.3 Degenerate Monetary Distribution

From Lemmas 1 and 2, the money transfer d"e" will depend on the money holding m
if and only if " > e". If " < e", then the money transfer will only depend on em. Also
in a symmetric meeting, " = e"; no money transfer at hand. Given this fact, and by
(1), (2), (4), and (5), I can insert the bargaining outcomes into the value function of

(3) and rewrite it as:

V (m) = max
p2[0;1]

(1� p)f(1)fL(0)[u(q1(m))� �d1;0(m)] (18)

+(1� p)f(P )fL(0)[Pu(q2(m))� �dP;0(m)]

+(1� p)f(1)fL(P )[u(qb(m))� �d1;P (m)]

+V0 +W (m);

where

V0 = p

Z
f(P )fH(1)[Pu(qs(em))� qb(em)� �dP;1(em)]dF (em)

+pf(1)fH(1)[u(q
�)� q�] + pf(P )fH(P )[Pu(q�P )� q�P ]

+(1� p)f(0)fL(P )
Z
��d0;P (em)dF (em) + (1� p)f(P )fL(P )Pu(q�P ):

is independent of m and �. Thus, the value function depends critically on the

functional forms of q1, q2 and qb. q1 and q2 are linear in m by Lemmas 1 and 2, but

qb is more complicated.

First consider the �rst order conditions of bargaining outcomes in Lemma 2:

Pu0(qs(m))u
0(qb(m)) = 1; (19)

u(qb(m))� �m = qs(m): (20)
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By implicit function theorem, for all m < m�
3, I can get:

q0b(m) =
�u00(qs)u

0(qb)

u00(qs)[u0(qb)]2 + u0(qs)u00(qb)
> 0; (21)

q0s(m) =
��u0(qs)u00(qb)

u00(qs)[u0(qb)]2 + u0(qs)u00(qb)
< 0: (22)

This result says that if money holding is constrained, the high-quality producer (the

uninformed seller) is willing to produce more if the buyer has more money avail-

able. On the other hand, increasing the amount of money holdings by the buyer will

decrease the quantity of uncertain goods that he can use to �nance his purchase.

Therefore it illustrates the recognizability e¤ect of money: In the monetary economy,

a high-quality producer is more willing to trade his product if payment is in money

instead of goods of uncertain quality, and that will crowd out the payments with real

production.

Next notice that the value function will depend on the constraints on money

transfers d"e" bind or not. Hence the three critical values of money holdings m�
1,

m�
2 and m

�
3 will a¤ect the results. Notice that m

�
1 is always greater than m

�
2, but

it is ambiguous when comparing m�
3 with m

�
1 or m

�
2:
8 However, if I assume that

u(q�) > 2q�, then I will have m�
3 > m�

1 > m�
2.
9 In Figure 1 I show the relations

between the bargaining solutions and money holdings.

For m � m�
3, the �rst three terms in (18) are constant. Let Vm denote the

derivative of V in respect to m, then Vm = � > 0. When m�
1 � m < m�

3, the �rst two

terms in (18) are constant but the third one is not,

Vm = (1� p)f(1)fL(P )[u0(qb(m))q0b(m)� �] + �; (23)
by(20)
= (1� p)f(1)fL(P )q0s(m) + �:

By (22), eq03(m) > ��, implies Vm > 0. And since eq03(m) is negative, for all m�
1 � m <

m�
3, Vm < �. So V has a kink at m�

3. When m
�
2 � m < m�

1, the second term in (18)

8Because 1 = u0(q�) = Pu0(q�P ), and u is concave, q
� > q�P , then it implies that m

�
1 = q�=� >

q�P =� = m
�
2

9That is in CRRA utility, the coe¢ cient of relative risk aversion is between 0.5 to 1.
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Figure 1: Bargaining Solutions
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remains constant

Vm = (1� p)f(1)fL(0)[u0(q1(m))�� �] (24)

+(1� p)f(1)fL(P )q0s(m) + �;

> 0:

As m ! m�
1 from below, the �rst term on the RHS of (24) goes to 0, the limit of

Vm ! (1 � p)f(1)fL(P )q0s(m) + �, which is exactly equal to the limit as m ! m�
1

from above. Thus V is smooth at m�
1. When m < m�

2, I have

Vm = (1� p)f(1)fL(0)[u0(q1(m))�� �] (25)

+(1� p)f(P )fL(0)[Pu0(q2(m))�� �]

+(1� p)f(1)fL(P )q0s(m) + �;

> 0:

Use the same argument, I can show that V is smooth at m�
2.

Last but not least I need to address the concavity of V so that the unique solution

exists. Lemma 3 shows that V is indeed concave under the assumption that u0 is log-

concave.

Lemma 3 For all m < m�
3, if u

000 � (u00)2

u0 , then qs is strictly concave, which implies

Vmm < 0.

Figure 2 illustrates the shape of V .

Given the value function V andW , I can solve the problem of deciding how much

money to take out of the centralized market at date t,max
mt+1

f��mt+1+�V (mt+1; �t+1)g.
It turns out that the necessary condition for the solution exists is �t � ��t+1 (see LW
lemma 3). It is clear that the optimal money holding mt+1 is less than m�

1;t+1 and by

concavity of V , this money holding is unique.10 I can conclude that the distribution

F is degenerate and each agent will choose the same mt+1 = �t + � tMt < m
�
1;t+1 for

all t.
10The optimal money holding cannot lie in [m�

1;t+1;m
�
3;t+1] because by (23) Vm(mt+1; �t+1) < �t

for all m 2 [m�
1;t+1;m

�
3;t+1].

16



βV(m',η')

φm

m2
* m1

* m3
*

Figure 2: Value Function

4.4 Symmetric Steady State Equilibrium

In the previous subsection, I have shown that the distribution of money holdings is

degenerate and the monetary equilibrium, if it exists, is unique.11 But I didn�t pin

down the equilibrium yet, so the main task in this subsection is to take a close look

at this monetary equilibrium.

First notice that if m < m�
2, then q2 < q

�
P which implies Pu

0(q2) > Pu
0(q�P ) = 1.

Therefore I can combine (24) and (25) and rewrite them into one equation:

Vm = (1� p)f(1)fL(0)�[u0(q1(m))� 1]

+(1� p)f(P )fL(0)�maxfPu0(q2(m))� 1; 0g

+(1� p)f(1)fL(P )q0s(m) + �:

The bargaining solutions q2 = �m = q1, (19) and (20) can be used to compute values

of q2, qs and qb in terms of q1. De�ne e(q1) � q0s(q1) = q0s(m)=�, and insert all the

11The uniqueness in here means given � and P , the money holdings and hence the terms of trade

are unique. However, if P is endogenously determined, then di¤erent P may correspond to the same

�. Multiple monetary equilibria can exist.
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bargaining outcomes into the above equation, I can get:

Vm = (1� p)f(1)fL(0)�[u0(q1(m))� 1] (26)

+(1� p)f(P )fL(0)�maxfPu0(q1(m))� 1; 0g

+(1� p)f(1)fL(P )e(q1(m))�+ �:

In any monetary equilibrium � must strictly greater than zero. At date t, The

�rst order condition for mt+1 is:

�t = �Vm(mt+1; �t+1); (27)

= �(1� p)f(1)fL(0)�t+1[u0(q1;t+1)� 1]

+�(1� p)f(P )fL(0)�t+1maxfPu0(q1;t+1)� 1; 0g

+�(1� p)f(1)fL(P )e(q1;t+1)�t+1 + ��t+1:

Con�ne the attention to symmetric steady state equilibrium where all the real

variables remain unchanged and the money growth rate is constant over time. The

symmetric equilibrium implies �t+1 = �t=(1+ �), where the in�ation rate is the same

as the money growth rate. Because in equilibrium �t+1 is not less than ��t, it implies

� � 1+ � . The monetary policy is restricted: one cannot contract the money supply
faster than the Friedman Rule, otherwise the monetary equilibrium will break down.

In symmetric steady state equilibrium, by setting p = P , I can rearrange the

terms and reduce (27) to:

f(P ) + f(1) +
1 + � � �

�(1� P )fL(0)
= f(P )maxfPu0(q1); 1g (28)

+f(1)u0(q1) +
f(1)fL(P )

fL(0)
e(q1):

De�nition 1 A symmetric monetary steady state equilibrium is a price � > 0, and

the terms of trade f(q"e"; eq"e"; d"e")g(";e")2E satis�es Lemma 1, Lemma 2 and (28).
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5 Money and Welfare

5.1 In�ation, Adverse Selection and Welfare

In the previous section I have de�ned a unique monetary equilibrium, which allows

me to investigate how money a¤ects social welfare and the role of money in providing

incentives for agents to produce high-quality goods.12 To compare my results with

other similar studies, I �rst look at the case where the fraction of high-quality pro-

ducers P is exogenous. The private information problem is a typical adverse selection

problem in this case. I use the de�nition of quality mix to measure the severity of the

adverse selection problem. The quality mix is the ratio of high-quality goods being

traded to total consumption goods and denoted as:

! =
P
P

(";e")2E eqf(")fH(e")P
(";e")2E eqf(")f(e") ;

=
P
P

(";e")2E eqf(")fH(e")
P
P

(";e")2E eqf(")fH(e") + (1� P )P(";e")2E eqf(")fL(e") : (29)

An increase in ! means an alleviation of adverse selection problem.

Insert the value of distributions of prior beliefs into (28) and get:

1� �+ �P + 1 + � � �
�(1� P )� = (1� �)maxfPu

0(q1); 1g+ �Pu0(q1) +P (1� �)e(q1): (30)

As it can be shown in the appendix that @q1=@� < 0 and @q1=@� > 0, the real value of

money holdings increases when the in�ation rate decreases or the level of information �

increases. An increase in the real value of money will have positive e¤ect on increasing

the quality mix !, because of the recognizability e¤ect and insurance e¤ect, (i.e., an

increase in real money balance will increase the purchase of high-quality goods).

This fact implies that reducing the in�ation rate will alleviate the adverse selection

problem.

Increase in the level of information has two e¤ects on the quality mix. First,

changes in � will change the distribution of the prior beliefs which directly modi�es the

lifetime utility. More information generates more matches where trader�s true types

12The welfare I measure here is referred to average life time utility (expected surplus), or utilitar-

ian. Because I only consider the steady state equilibrium, the expected surplus V is not changing

over time.
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can be detected. It reduces the production of lemons and increases the production

of high-quality goods. Therefore, more information can reduce the adverse selection

problem. Second, the change of � alters the real value of money holdings. Since here

the real value of money will become larger when information is more abundant, the

adverse selection problem is less severe. Thus, increase in the level of information

will increase the quality mix through the recognizability e¤ect and insurance e¤ect.

In summary, money and information are two e¤ective ways to eliminate the ad-

verse selection problem either by decreasing the in�ation rate � for given information

level �, or by increasing the information level � for given in�ation rate � .

Because the monetary growth rate cannot be less than the Friedman rule level,

I may guess that the Friedman rule is the optimal monetary policy in here. The

following proposition con�rms this conjecture.

Proposition 1 Given the detection probability �, reducing the in�ation rate can im-

prove social welfare, and the social welfare is maximized at the Friedman rule.

It is worthwhile to notice that even though the Friedman rule is optimal policy

in here, it can only generate the second best allocation which means q1 < q�. It

achieves the e¢ cient outcome q� if and only if � = 1. In Lagos and Wright (2005)

and other literatures, the ine¢ ciency is generated by a hold-up problem � buyers

cannot obtain the full return that an additional unit of money provides to the match.

Thus to achieve e¢ ciency, it is required that the buyers have all the bargaining

power. However, in our paper even though the buyers make a take-it-or-leave-it

o¤er, the ine¢ ciency still exists. My intuition to explain this is that the ine¢ ciency

comes from the asymmetric information problem and corresponds to pooling trading

mechanism. Think of an uninformed buyer who carries one unit of money by making

an investment with cost �: When he meets a lemon producer, since the pooling

mechanism is incentive-compatible that lemon producers can extract a rent equal to

the production cost of high-quality producers, his trading partner will steal part of the

surplus. It turns out that the agent cannot reap all of the returns to his investment,

which will reduce the incentive to hold money and lower the marginal value of money.

Therefore, the Friedman rule cannot achieve �rst-best allocation.

To illustrate the relationship among money, information and welfare, I also provide

a numerical example. I calibrate the model using CRRA utility function u(q) =
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Figure 3: In�ation, Information and Adverse Selection

��1q� with the rate of relative risk aversion � = 0:5. For other parameters, I choose

the discount factor � equal to the inverse of real interest rate, and set current real

interest rate to be 0:8%. I set the probability being a high-quality producer equal

to 0:2. Figure 3 displays the relation between the quality mix and information level

under di¤erent in�ation rates. I can see that as information becomes more abundant,

the fraction of high-quality output becomes larger, and lowering the in�ation rate

improves the quality mix as what I expected from previous discussion.

Figures 4 and 5 plot the welfare as a function of � for various rates of in�ation

under di¤erent fraction of high-quality producers. First observation is that for any

value of �, the Friedman rule maximizes the welfare as predicted in Proposition 1.

Second when the fraction of high-quality producers is low, in monetary economy,

the welfare is strictly increasing in the level of information �. But when the economy

consists of a large amount of high-quality producers and the rate of in�ation is relative

high, the welfare may be higher when information is scarce. In barter economy, the

welfare is decreasing in �. An increase in information will cause welfare decreasing

can be interpreted as following. When the information problem is severe, most of
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meetings are dominated by two-sided incomplete information matching. In this case

agents trade frequently even though the trading quantities are small. Increase in

the information level will reduce the frequency of trades although it will increase

the amount of high-quality goods exchanging at hand. The tradeo¤ may result in

decreasing the welfare. When P is high, this tradeo¤ becomes more signi�cant.

Because the trading quantities are larger than that P is small, the agents are prefer

to trade more frequently.

5.2 Money, Barter and Moral Hazard

Now I consider the case when the fraction of high-quality producers is endogenously

determined so that I can investigate howmoney a¤ects an agent�s incentive to produce

high-quality goods. Recall that when an agent chooses the probability p to produce

high-quality goods, he will take other agents� choice of P as given. In symmetric

equilibrium, all agents will choose the same probability to be a high-quality producer.

An agent�s decision problem is given by (3), which implies that the agent chooses

to produce high-quality goods or lemon products depends on the value of being a

high-quality producer or low-quality producer. Let D(P ) = VH � VL, the di¤erence
between the expected gains from high-quality producer and low-quality producer.

The optimal decision of P must satisfy:

P = 1 if D(1) � 0;
P = 0 if D(0) � 0;
P 2 [0; 1] if D(P ) = 0:

(31)

As inWilliamson andWright (1994), I refer to the active equilibrium as an equilibrium

with P > 0, and it can be either a barter equilibrium or a monetary equilibrium.

Notice that the non-monetary equilibrium � = 0 always exists in our model economy.

To characterize the non-monetary equilibrium and monetary equilibrium, I provide

following proposition:

Proposition 2 If the fraction of high-quality producers is endogenously determined,

then in symmetric steady state equilibrium, I have:

1. A non-active non-monetary equilibrium always exists for any � 2 [0; 1], speci�-
cally, when � = 0, the unique equilibrium is non-active.
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2. For any � > 0, there exists �B 2 (0; 1], such that for any � � �B, non-monetary
equilibrium with P = 1 exists, and for any � < �B, non-monetary equilibrium

with P < 1 exists.

3. Given any in�ation rate � , there exists �� 2 (0; 1], such that the active monetary
equilibrium exists i¤ � � �� , moreover �� � �B.

Proposition 2 is an extension of proposition 1 in Berentsen and Rocheteau (2004),

because they only consider the monetary equilibrium under the Friedman rule. The

�rst statement in proposition 2 is very common when informational frictions are

present. It says that if agents cannot obtain any information about their trading

partner�s quality before trading, no one will have incentive to produce high-quality

goods, thus market collapses. Money cannot be valued if everyone believes that other

agents are lemon producers, in this case the best response for an agent is to be a

lemon producer too. Therefore, these beliefs can cause a market collapse.

In the barter economy as well as in the monetary economy, if the probability

of being recognized is high, then it is hard for agents to cheat. Each agent has no

incentive to produce a lemon. The only active equilibrium exists in this case is a non-

monetary equilibrium where all agents produce high-quality goods. The critical value

of the detection probability � which prevents agents from cheating is larger in the

monetary economy than in the barter economy, which implies that if the information

level is relatively high (� 2 [�B; �� ]), the fraction of high-quality producers is larger
in the barter economy (P = 1) than in the monetary economy (P < 1). One possible

explanation for this is: money allows low-quality producers to consume even when

they are recognized as lemon producers; this insurance e¤ect provides incentive for

agents to choose a riskier behavior by increasing the fraction of low-quality producers

compared to their choices in the non-monetary equilibrium. When the informational

friction is not severe, the insurance e¤ect dominates, thus, there are less high-quality

producers in the monetary equilibrium than in the barter equilibrium.

The uniqueness of monetary equilibrium in this model is not guaranteed when

the fraction of high-quality producers is endogenously determined. For given �, there

may be di¤erent values of P corresponding to it, hence, multiple equilibria exist in

the monetary economy. Two issues about multiple equilibria are worth noting. First,

because P (�) is not single valued, whether an increase in the information level will
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enlarge or diminish the fraction of high-quality producers is not easy to see. Thus,

gaining more information may not necessarily alleviate the moral hazard problem in

the monetary economy. Second, the multiple equilibria limits us to compare monetary

equilibria and non-monetary equilibria with respect to the fraction of high-quality

producers in the market. Proposition 2 only tells us that this fraction is higher in the

non-monetary equilibrium than in the monetary equilibrium when information level

is high. Not much can be said for other �.

To further investigate the e¤ects of money on the incentive to produce high-quality

goods, I simulate the model using CRRA utility and the same parameters in previous

subsection. I �nd that for small value of � the monetary equilibrium is unique, which

allows me to compare the e¤ectiveness of money to reduce moral hazard problem

under di¤erent environment.13

In Figure 6, I plot the fraction of high-quality producers when � � �B under

barter economy and monetary economy with di¤erent in�ation rates. First, observe

that all three curves are strictly increasing in the level of information �, this means an

increase in information can provide more incentive for agents to produce high-quality

goods. The reason is straightforward: more information allows cheaters to be caught

more easily, thus, it brings more risk to lemon producers and reduce agent�s incentive

to cheat. Second, when the in�ation rate is close to the Friedman rule, if the problem

of information is severe, the fraction of high-quality producers is larger in monetary

equilibrium than in non-monetary equilibrium. Therefore, valued �at money can

help to disciplines producers and reduce the moral hazard problem. However, if

information becomes more abundant, the fraction of high-quality producers will be

smaller in monetary equilibrium. Third, given the same information level, an increase

in in�ation rate will reduce the incentive to be a high-quality producer substantially.

As I mentioned before, since money is universally recognizable, the recognizability

e¤ect of money can raise an agent�s incentive to be a high-quality producer. In the

monetary economy, when a high-quality producer cannot verify his trading partner�s

type, he can accept to trade his product with money instead of goods of uncertain

13Actually except under the Friedman rule, for any � < �B , the monetary equilibrium is unique.

For � 2 [�B ; �� ], there always exist two monetary equilibria. Under the Friedman rule, the monetary
equilibrium is unique for all �. Also the active non-monetary equilibrium is unique when I choose

CRRA utility in our model. All these results are something that cannot be shown analytically.
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quality. While in the barter economy, high-quality producers are always paid with

commodities of uncertain quality. Therefore, the recognizability e¤ect of money im-

proves the gains of high-quality producers through trading, which induces agents to

become high-quality producers.

When the information level is low and the in�ation rate is low enough, the recog-

nizability e¤ect of money dominates the insurance e¤ect, which cause the fraction of

high-quality producers is larger in the monetary equilibrium than in the non-monetary

equilibrium. But the welfare gain in the Friedman rule is quite small from Figure (6).

When the information level is high, the insurance e¤ect dominates the recognizability

e¤ect, a reverse result presents. However, the e¤ects of money are very sensitive to

the in�ation rate. As the level of in�ation increases, the real value of money decreases,

which lowers the recognizability e¤ect and in turn results in a smaller fraction of high-

quality producers.Figure 6 shows that if in�ation rate is higher than the Friedman

rule, the role of money is limited such that money cannot provide enough incentive

to produce high-quality goods.

6 Signaling Mechanism

In this section, I modify the trading mechanism in the incomplete information match

so that each agent is able to signal his product�s quality to his trading partner.

6.1 Bargaining Games

I consider the bargaining games with a simple signaling structure14. Instead of the

uninformed agent making a take-it-or-leave-it o¤er, let the informed agent who can

recognize the quality of the good produced by his trading partner make an o¤er,

and the uninformed agent who cannot distinguish his trading partner�s type decide

whether to accept or reject the o¤er.

Consider a match where (";e") = (1; P ). That is agent j is the uninformed player
who is assessed as high-quality producer and agent i is the informed player. Agent

i makes a take-it-to-leave-it o¤er specifying (q"e"; eq"e"; d"e"), and agent j can accept or
reject the o¤er. By making an o¤er agent i sends a signal (or message) to agent j.

14These games were �rst proposed by Berentsen and Rocheteau (2003).
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Therefore, agent i is the sender and agent j is the receiver. Let T be the true type

of agent i. If he is a high-quality producer then T = H, and if he is a low-quality

producer then T = L. The set of actions that the receiver can take is a 2 f1; 0g. a = 1
means agent j accepts the o¤er whereas a = 0 means he rejects the o¤er. Let I be

the indicator function, the payo¤ for the sender and receiver are U i(q"e"; eq"e"; d"e"; T; a)
and U j(q"e"; eq"e"; d"e"; T; a), where

U i(q"e"; eq"e"; d"e"; T; a) = a[u(q"e")� IfT=Hgeq"e" � �d"e"]
U j(q"e"; eq"e"; d"e"; T; a) = a[IfT=Hgu(eq"e")� q"e" + �d"e"]

Sequential rationality requires that the action agent j taken after receiving an o¤er

must be optimal given agent j�s beliefs. That is,

a� 2 arg max
a2f0;1g

X
T2fH;Lg

�(T jq"e"; eq"e"; d"e")U j(q"e"; eq"e"; d"e"; T; a)
where �(T jq"e"; eq"e"; d"e") is the belief of the receiver that the sender is a T -type producer
if sender makes the o¤er (q"e"; eq"e"; d"e").
Suppose that in a particular equilibrium both types send the message (qe"e"; eqe"e"; de"e")

with probability one. Then the message (q"e"; eq"e"; d"e") 6= (qe"e"; eqe"e"; de"e") is o¤ equilibrium
path, so agent j�s beliefs after observing (q"e"; eq"e"; d"e") cannot be derived from Bayes�

rule. Use the fact that in a signaling game, any belief o¤ the equilibrium path satis�es

Kreps and Wilson (1982) de�nition of consistency, I assume that after receiving the

o¤ equilibrium message, agent j believes that i is a lemon producer with certainty.

That is, �(Ljq"e"; eq"e"; d"e") = 1 for any (q"e"; eq"e"; d"e") 6= (qe"e"; eqe"e"; de"e"). Consequently, any
strategy pro�le f(qe"e"; eqe"e"; de"e"); a = 1g with (qe"e"; eqe"e"; de"e") 2 fu(qe"e") � eqe"e" � �de"e" � 0,

Pu(eqe"e")� qe"e" + �de"e" � 0, and de"e" � mg is a sequential equilibrium.
I, then, use the concept of �intuitive criterion�proposed by Cho and Kreps (1987)

to re�ne the set of sequential equilibria. Any equilibrium that does not satisfy the

criterion will be rejected. The idea of intuitive criterion is based on the following two

supposition: Suppose that

1. No matter what belief the receiver holds, the resulting action a� makes type L

(or H) worse o¤ than L (or H) in the equilibrium.

2. If the receiver infers from (q"e"; eq"e"; d"e") 6= (qe"e"; eqe"e"; de"e") that sender is type H (or

L), then receiver�s optimal action will make H (or L) better o¤ than L (or H)
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is in the equilibrium. Then if the sender is type H (or L), the following speech

given by the sender should be believed by the receiver:

I am a high (or low) quality producer. To prove this, I am sending

(q"e"; eq"e"; d"e") instead of the equilibrium (qe"e"; eqe"e"; de"e"). Note that if I were
a low (or high) quality producer. I would not want to do this, no matter

what you might infer from (q"e"; eq"e"; d"e"), since it will hurt me undoubtedly.
And, as a high (or low) quality producer, I have an incentive to do this

provided it convinces you that I am not low (high) type.

Thus, given the two suppositions above, H (or L) should deviate from the sequen-

tial equilibrium in which (qe"e"; eqe"e"; de"e") is sent with probability one.
When using intuitive criterion to check the sequential equilibria, clearly, the lemon

producers have no incentive to break the pooling outcome since they can always gain

by imitating. However, the high-quality producer would like to signal his type by

reducing the quantity he consumes and the quantity he produces. By doing so, he

can make him better o¤ and will make a low type worse o¤. For example, instead of

proposing (qe"e"; eqe"e"; de"e"), he can propose:
q"e" = qe"e" � �

u(eq"e") = Pu(eqe"e")
for � is arbitrarily small so that

For low-quality producers: u(q"e")� �de"e" < u(qe"e")� �de"e"
For high-quality producers: u(q"e")� eq"e" � �d"e" > u(qe"e")� eqe"e" � �de"e"

and the participation constraint of agent j must be satis�ed:

u(eq"e")� q"e" + �de"e" > Pu(eqe"e")� qe"e" + �de"e" � 0
Hence, the unique sequential equilibrium15 that survives the intuitive criterion is

15Here is actually a pooling equilibrium, but as shown in Berentsen and Rocheteau (2003), the

separating equilibria are equivalent to the unique pooling equilibrium that satis�es the intuitive

criterion in terms of the payo¤s.
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(qe"e"; eqe"e"; de"e") such that eqe"e" = 0 and
(qe"e"; eqe"e"; de"e") = arg max

q"e";d"e"[u(q"e")� �d"e"] (32)

s:t: � q"e" + �d"e" = 0
d"e" � m

The bargaining result tells us a producer of unknown quality cannot use his produc-

tion to �nance his consumption. It implies that no trade can take place in the barter

economy, and the trade can take place in the monetary economy if and only if the

uninformed producer is a high-quality producer, and his production is only exchanged

for money.

This pricing mechanism also illustrates the recognizability e¤ect and insurance

e¤ect of money. A high-quality producer only accept to trade his production for

money even if the good of unknown quality is very likely to be a high-quality good.

The only chance to trade for the low-quality producer is by holding money.

Note also that the solution for (32) depends on the money holding binds or not

like previous section. I can summarize the bargaining outcomes and put them into

following lemma:

Lemma 4 In a one-sided information bargaining game with take-it-or-leave-it o¤er

by the informed party, the sequential equilibrium that satis�es intuitive criterion is

unique and its outcome is given by:

1. for any match with (";e") = (0; P ) or (P; 0), no trade happens;
2. if (";e") = (1; P ) then eq"e" = 0 and

q"e" =
(
q1(m) if m < m�

1

q� if m � m�
1

; and d"e" =
(
m if m < m�

1

m� if m � m�
1

;

3. if (";e") = (P; 1) then q"e" = 0, and
eq"e" = ( q1(em) if em < m�

q� if em � m�
and d"e" =

(
�em if em < m�

1

�m�
1 if em � m�

1

;

where q1(m) = �m and m�
1 =

q�

�
:
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In the two-sided incomplete information match, as I mentioned in section 4, if

each of traders to make a take-it-or-leave-it o¤er with equal probability, then the bar-

gaining game has a simple signaling structure. Now I maintain this assumption, and

the intuitive criterion can again be used to rule out any unreasonable sequential equi-

librium. It turns out that any sequential equilibrium with positive production cannot

survive the intuitive criterion, hence, in equilibrium there is no trade happened16.

6.2 Monetary Equilibrium

Similar to section 4, I can insert the bargaining outcomes into the value function (3)

and get:

V (m) = max
p2[0;1]

pf(1)fH(P )[u(q1;P (m))� �d1;P (m)]

+(1� p)f(1)fL(P )[u(q1;P (m))� �d1;P (m)]

+(1� p)f(1)fL(0)[u(q1;0(m))� �d1;0(m)]

+pf(1)fH(1)[u(q
�)� q�] +W (m):

Notice that terms of trade determined by Lemmas 1 and 4 require d1;P = d1;0 = d

and q1;P = q1;0 = q1, rewrite above formula as:

V (m) = max
p2[0;1]

[pf(1)fH(P ) + (1� p)f(1)fL(P ) + (1� p)f(1)fL(0)][u(q1(m))� �d(m)]

+pf(1)fH(1)[u(q
�)� q�] +W (m): (33)

Again, apply the same argument in section 4, I can show that the distribution of

money holdings is still degenerate and the optimal money holding is unique and less

than m�
1. See �gures 7 and 8 for detail.

The optimal money holdings are determined by the �rst order condition (27):

�t = �Vm(mt+1; �t+1);

= �[pf(1)fH(P ) + (1� p)f(1)fL(P ) + (1� p)f(1)fL(0)][u0(q1)� 1]�t+1
+��t+1:

16For two-sided incomplete information match, see Berentsen and Rocheteau (2003) for detail

discussion.
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Figure 7: Bargaining Outcomes in the Signaling Mechanism
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Figure 8: Value Function in the Signaling Mechanism
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Consider the steady state symmetric equilibrium and insert the probabilities of prior

beliefs, I can rewrite above equation into following Euler equation:

u0(q1) = 1 +
1 + � � �

�[P�(1� �) + P (1� P )�2]
: (34)

From (34), it is easy to see that the real value of money increases as the in�ation rate

decreases. By (33) the Friedman rule is optimal policy and proposition 1 in section

5 still holds. However, unlike the previous result, the Friedman rule can generate

the �rst best result in this case. Because the high-quality producers can signal their

ability by impairing the low-quality producers, lemon producers cannot gain from

cheating, thus, the purchasing power of money can be fully restored in equilibrium

compared to previous result. Hence, money is useful in ameliorating the adverse

selection problem and improving social welfare unambiguously.

If the fraction of high-quality producers is endogenously determined, then in the

barter economy, the equilibrium can only be non-active or active without any low-

quality producers. There is no non-monetary equilibrium with P < 1. Furthermore,

if there is no information available before trading (� = 0), no high-quality goods can

be produced and traded, even though a fraction of high-quality producers may exist

because agents are indi¤erent between being high-quality and low-quality producers.

In monetary economy, the di¤erence between the expected gains from high-quality

producer and low-quality producer is given by:

D(P ) = �[(u(q�)� q�)� (u(q1)� q1)]

The monetary equilibrium exists if and only if the in�ation rate is under the Fried-

man rule, and the equilibria are continuous. Under other in�ation level, no monetary

equilibrium can exist. Therefore, money is less e¤ective to alleviate the moral hazard

problem because the signaling mechanism already disciplines producers and prevent

cheating from producing lemon, but the insurance e¤ect of money can provide incen-

tives for agent to become a low-quality producer.

7 Conclusion

This paper has analyzed the role of money under the private information environment

concerning the quality of goods. Compared to other similar studies, I apply the Lagos
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and Wright (2005) approach to model an economy with perfectly divisible goods and

divisible money.

I consider two di¤erent trading mechanisms in this paper, and �nd that because

money is a universally recognizable medium of exchange, there always exists two ef-

fects of money: the recognizability e¤ect and the insurance e¤ect. These two e¤ects

combined together will give us di¤erent results under di¤erent information problems.

Money is very useful in ameliorating the adverse selection problem. When the frac-

tion of high-quality producers is exogenously given, money has positive e¤ects on both

high-quality and low-quality producers, which can improve welfare unambiguously.

However, money is not very e¤ective in reducing the moral hazard problem except in

some limiting cases. In the signaling mechanism, this ine¤ectiveness is more signi�-

cant. The origin of ine¤ectiveness comes from the insurance e¤ect which is bene�cial

for the lemon producers.

In this paper I also examine how in�ation changes the equilibrium. Although

money is neutral in our model, it is not super-neutral in general. In�ation can decrease

the real value of money so that trading with money will be less desirable than goods.

In the extreme case where producers can signal their goods�quality, money cannot

be valued if the money growth rate is higher than the optimal level. Thus the e¤ects

of money are diminished by in�ation.

This paper is a �rst attempt to apply L-W framework in the private information

environment. Some possible future studies are worth considering. In this paper, credit

has been ruled out by assumption. It might be reasonable to consider credit arrange-

ments in private information environments by introducing �nancial intermediaries.

One can study the implications of central bank intervention in the centralized market

by modifying L-W model appropriately. Possible modi�cations may involve changing

the timing and letting the search market and centralized market run simultaneously.

8 Appendix

� Proof of Lemma 1.

Proof. In the main text I have already shown that (iii) and (iv) holds. The

remaining is to check (i) and (ii). For (i), it is straightforward to see that if
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both of them are recognized as low-quality producer, no one will buy his trading

partner�s good, so no money transfer at hand. For (ii), when both of agents are

recognized as high-quality producer, they try to maximize the product of each

expected surplus. The bargaining solution is given by:

max
q;eq;d [u(q"e")� eq"e" � �d"e"][u(eq"e")� q"e" + �d"e"]

s:t: � em � d"e" � m
the solution is: q"e" = eq"e" = q� and d"e" = 0. Hence the expected payo¤ of each
agents is [u(q�)� q�].

� Proof of Lemma 3

Proof. Take the derivative on both sides of (22) with respect to m, I can get:

q00s (m) = fu00(qs)[u0(qb)]2 + u0(qs)u00(qb)g�2 � (35)

f�[u0(qb)]2u00(qb)q0s(u0(qs)u000(qs)� [u00(qs)]2)

+�u0(qs)u
0(qb)u

00(qs)q
0
b(2[u

00(qb)]
2 � u000(qb)u0(qb))g

Because u000 � (u00)2

u0 , u
00(qb)q

0
s > 0 and u00(qs)q0b < 0, the second term and the

third term in RHS of (35) are less than zero. Hence q00s (m) < 0.

Take the derivative on both sides of (25), I will have:

Vmm = (1� p)f(1)fL(0)u00(q1)�2

+(1� p)f(P )fL(0)Pu00(q2)�2

+(1� p)f(1)fL(P )q00s
< 0

So V is concave.

� Proof of @q1=@� < 0 and @q1=@� > 0

Proof. If m < m�
2, i.e. q1 < q

�
P , from (30)

@q1
@�

= Pu00(q1) + P (1� �)e0(q1)

@q1
@�

= ��Pe(q1) + 1� P + (1 + � � �)=[�(1� P )�
2]

Pu00(q1) + P (1� �)e0(q1)
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From the proof of lemma 3, I know that q00s (m) < 0, hence e
0(q1) = q

00
s (m)=� <

0. Note that u00(q1) and e(q1) are negative, I can infer that @q1=@� < 0 and

@q1=@� > 0.

If m � m�
2, i.e. q

�
P � q1 < q�, then

@q1
@�

= �Pu00(q1) + P (1� �)e0(q1)

@q1
@�

= �Pu
0(q1)� Pe(q1) + 1� P + (1 + � � �)=[�(1� P )�2]

�Pu00(q1) + P (1� �)e0(q1)
I still have @q1=@� < 0 and @q1=@� > 0.

� Proof of Proposition 1

Proof. Since the money holdings are degenerate and each agent will hold the

same amount of money in equilibrium, I can insert the bargaining outcome

into V0 and eliminate the integral signs. Therefore the value function of (18)

becomes:

V = v(m) + Pf(P )fH(1)[Pu(qs)� qb � q1] + (1� P )f(0)fL(P )q2
+Pf(1)fH(1)[u(q

�)� q�] + Pf(P )fH(P )[Pu(q�P )� q�P ]

+(1� P )f(P )fL(P )Pu(q�P )

where

v(m) = (1� P )f(1)fL(0)[u(q1)� q1]

+(1� P )f(P )fL(0)[Pu(q2)� q2]

+(1� P )f(1)fL(P )[u(qb)� q1] +W (m)

The derivative of V with respect to q1 is:

@V

@q1
=
v0(m)

�
+ Pf(P )fH(1)[Pu

0(qs)q
0
s � q0b + 1] + (1� P )f(0)fL(P )q02

by (19) , (21) and (22)

Pu0(qs)q
0
s � q0b + 1 =

q0s
u0(qb)

� q0b + 1

= 1� 1

u0(qb)
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Since qb < q�, 1� 1
u0(qb)

> 0, I have Pu0(qs)q0s � q0b + 1 > 0. Because v0(m) > 0
and q02(q1) > 0, it implies that @V=@q1 > 0. Also because @q1=@� < 0, decrease

in in�ation rate can increase the welfare level.

The money growth rate cannot less than the Friedman rule in monetary equilib-

rium, so q1 is maximized under the Friedman rule. Therefore for any information

level, the Friedman rule is optimal.

� Proof of proposition 2

Proof. First insert the bargaining outcomes into the value functions of VH and

VL, simplify (4) and (5), I will get:

VH = f(P )fH(1)(Pu(qs)� qb + q1) + f(1)fH(1)(u(q�)� q�)

+f(P )fH(P )(Pu(q
�
P )� q�P ) +W (36)

VL = f(1)fL(0)(u(q1)� q1) + f(P )fL(0)(Pu(q2)� q2)

+f(1)fL(P )(u(qb)� q1) + f(0)fL(P )q2
+f(P )fL(P )Pu(q

�
P ) +W (37)

Step 1. For any � � 0, a non-active non-monetary equilibrium exists. If

P = 0, an agent who is not recognized is perceived as a low-quality producer.

Accordingly, beliefs are either 0 or 1. In the barter economy, a trade takes

place if and only if both agents believe each trading partner being a high-

quality producer, i.e. " = e" = 1. If P = 0, the whole economy consists only

lemon producers, hence f(1) = 0. Therefore, I have D(0) = 0. Each agent

should choose p 2 [0; 1], by symmetry, p = P = 0.

Step 2. When � = 0, the unique equilibrium is non-active. According to (1)

and (2), if � = 0, then f(P ) = fH(P ) = fL(P ) = 1 and f(1) = f(0) = fH(1) =

fL(0) = 0. Hence

D(P ) =

(
�q�P < 0 if P > 0

0 if P = 0

Consequently, the unique solution is P = 0.
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Figure 9: Function G (�)

Step 3. For any � > 0, there exists �B 2 (0; 1], such that for any � � �B,

non-monetary equilibrium with P = 1 exists. In barter economy, money is not

valued, thus q1 = q2 = 0. Insert (1), (2) into (36) and (37), I have:

D(P ) = P [�(1� �)(u(qs)� qs) + �2(u(q�)� q�)� (1� �)
qb
P
� (1� �)2 q

�
P

P
] (38)

An equilibrium with P = 1 exists if and only if D(1) � 0. Using the fact that
q�P ! q�, as P ! 1, the condition implies that

G(�) � �(1� �)(u(bqs)� bqs)+ �2(u(q�)� q�)� �(1� �)bqb� (1� �)2q� = D(1) � 0
(39)

where

u0(bqs)u0(bqb) = 1

u(bqb) = bqs
as � ! 0, G(�) = �q� < 0, and as � ! 1, G(�) = u(q�) � q� > 0. Because

G(�) is a quadratic function of �, there must exist �B 2 (0; 1), such that for any
� � �B, G(�) � 0 and for any � < �B, G(�) < 0. See Figure 9 for illustration.

Step 4. For all � 2 (0; �B), an active non-monetary equilibrium with P < 1

exist. First I use the fact that as P ! 0; q�P=P ! 0. I omit the proof in here

38



since it has been shown in Berentsen and Rocheteau (2004)17. The bargaining

outcome must satisfy the following �rst order conditions:

Pu0(bqs)u0(bqb) = 1

u(bqb) = bqs
as P ! 0; bqb ! 0 and bqs ! 0. When P is su¢ ciently small, Pu0(bqb) =
1=u0(bqs) > 1 = Pu0(q�P ). This implies bqb < q�P , therefore, bqb=P < q�P=P . Since
lim
P!0

q�P
P
= 0, I must have

lim
P!0

bqb
P
= 0

Hence when P is arbitrarily small, the �rst term and the last two terms within

the brackets of RHS of (38) go to zero, while the second term is strictly positive

and independent of P . Consequently, in the neighborhood of P = 0, D(P ) > 0

for any � 2 [0; 1].

Because D(1) < 0 for any � < �B, by the continuity of D in P , there exists a

P 2 (0; 1) such that D(P ) = 0.

Step 5. For any in�ation rate � , the active monetary equilibrium exists i¤

� < �� . In monetary equilibrium, by (36) and (37), I have

D(P ) = P [�(1� �)(u(qs)� qs) + �2(u(q�)� q�) + �(1� �)
qb � q1
P

�(1� �)2 q
�
P

P
� �(1� �)(u(q2)� q2)� �2(u(q1)� q1)] (40)

Note �rst that if P = 1, no monetary equilibrium exists, hence, by (31), the

active monetary equilibrium exists if and only if D(P ) = 0 for any P 2 (0; 1).

Given the in�ation rate � , for any P > 0, as � ! 0, D(P )j�=0 = �q�P < 0, and
as � ! 1; D(P )j�=1 = u(q�)� q�� (u(q1)� q1) � 0. Since D(P ) is a continuous
function of �18, there is a �P� 2 (0; 1], such that whenever � = �P� , D(P ) = 0.
Choose �� = max

P2(0;1]
�P� , then for any � � �� , I can �nd a P 2 (0; 1) which satis�es

D(P ) = 0. Therefore the active monetary equilibrium exists i¤ � � �� .
17The proof is based on the strict concavity and monotone increase of the utility function.
18Although D(P ) is not quadratic in � because the change of � will also change the value of money

q1 and other real variables, we can still con�rm that D(P ) is continuous in �.
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To show that �� � �B, note that in step 3, at � = �B, I have D(1) = 0. When
P = 1, q1 and q2 are equal to zero, (40) will reduce to (38), hence �

1
� = �B. By

de�nition of �� , �� � �1� = �B.
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